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Fatigue Life of Airplane Structures 


The Eighteenth Wright Brothers Lecture 


BO LUNDBERG* 
The Aeronautical Research Institute (FFA), Sweden 


SUMMARY 


The dominating difficulty in the increasingly important prob 
lem of fatigue in airplane structures is the very great scatter that 
is typical for all its main aspects. Due to the fact that this 
scatter is, to a large extent, of an inherent nature and thus cannot 
be eliminated, it will never be possible to predict the fatigue life 
for an individual airplane with reasonable accuracy 

Consequently, our efforts should be concerned not with the 
prediction of fatigue life, but with the prevention of fatal fatigue 
failures down to an extremely low failure rate. A result of this 
general philosophy is the concept of a ‘‘limit’’ fatigue life defined 
as the life, in miles or hours flown, up to a “‘limit’’ probability 
level for fatigue failure. The combination of the limit life and 
its corresponding limit probability level should be such that the 
failure rate resulting from this combination has a satisfyingly low 
value, which should, if possible, be agreed upon internationally 

With these general thoughts as a background, the paper pre 
sents a survey of the various aspects of the fatigue of complete 
airplane structures, together with numerical applications. The 
survey is to some extent supported by test results obtained in 
Sweden. A general formula has been developed for the calcula 
tion of the cumulative damage. This formula has been used for 
the preparation of some charts for the calculation of the fatigue 
life as a function of the most important design and fatigue param- 
eters. Anew method by Weibull for the determination of S-. 
curves at various probability levels is discussed and applied 
The paper deals mainly with fixed-wing transport aircraft, 
although the general views and methods can be applied to all 
types of airplanes 

Finally, it is emphasized that, due to our highly insufficient 
knowledge of the very complex problem of fatigue in aeronautics, 
the survey presented has the nature more of a frame of the prob 
lem than of a complete picture 


FOREWORD 


An invitation to present this lecture in commemoration of the 
Wright Brothers’ historical achievement is indeed a profound 
honour under any circumstances. The honour is, I feel, further 
magnified because this appears to be the first occasion on which 
penicone outside the United States or Great Britain has been 


rece } . ° = . 

Presented before the Institute of the Aeronautical Sciences in 
the U.S. Chamber of Commerce Auditorium, Washington, D.C 
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* Director 


invited to deliver this lecture. I interpret this distinction to 
imply an appreciation of the development of aviation in Sweden 
and in particular of the aeronautical research work carried out at 
the FFA 

I wish to express my sincere gratitude to the Council of the 
Institute of the Aeronautical Sciences for having been selected 


to present this lecture 
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1. INTRODUCTION 


Ww THE WRIGHT BROTHERS created and flew 
the first power-driven and controllable aircraft 
in 1903, the problem of fatigue in the structure of this 
airplane was certainly not one of their main worries. 
Likewise, during the two or three decades subsequent 
to the first flight, the possibility of fatigue failures of 
vital parts in the airframe was hardly considered a 
problem, at least not if vibratory loads and cases of 
bad design causing undue stress concentrations were 
excepted. 

In about the last two decades, however, there has 
been a growing trend of opinion that the accumulated 
effect of fatigue due to repeated, but mostly quite 
moderate, structural loads could sometimes cause 
failures of the primary structure before an airplane 
attains a reasonable or desired service life, even with 
good designs avoiding high stress concentrations. To 
begin with this reasoning was of a rather academic or 
speculative nature insofar as it was not, for a long time, 
supported by experiences of any tragic occurrences in 
the form of fatal fatigue failures. The opinion seems 
mainly to have been based on estimates of the accumu- 
lated damaging effect on the airframe of the manoeuvr- 
ing and gust loads, which could be anticipated during 
a normal service life.'. According to this line of thought 
compliance with the requirements for static strength 
was not a sufficient safeguard against serious fatigue 
trouble, and it was pointed out more or less expres- 
sively** that the general trends in aeronautical develop- 
ment, in particular towards higher speeds, greater 
structural efficiency and longer service life of the air- 
planes would make the fatigue danger more and more 
acute unless special actions were taken to prevent such 
failures. 

It was quite natural, however, that as long as no 
serious fatigue troubles were actually encountered in 
service this trend in opinion was mostly considered to 
be unduly pessimistic. The more common belief was 
that fatigue in the primary structure was really nothing 
to bother about as long as one took care to avoid high 
stress concentrations in the design and to perform the 
routine inspections with a reasonable degree of thor- 


oughness. This attitude was in a way understandable 
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because there were so many seemingly more serjoys 
problems and worries that called for immediate solutio, 
and attention in order to improve safety, such as Opera 
tional matters and climb performance. 

Since the middle of the forties some transport air 
planes in different parts of the world have suffered 
fatal fatigue failures of their primary structure. They, 
occurrences, although they could to a_ considerab} 
extent be attributed to unduly high stress concent, 
tions, seem to have caused a marked change in th 
opinions regarding the importance of fatigue in fixe 
wing aircraft. Very extensive studies have been mac 
of the fatigue problem in its entirety and its mam 
important detail aspects have attracted intense x 
search efforts. Investigations of the first mentioned 
general kind have usually dealt with the influence oj 
all the main factors affecting the disposition of airplanes 
to develop fatigue failures and the trend in development 
of these factors. Such studiest have been of great 
value not only because they have shown that the trend 
in aeronautical development during the last one or 
two decades has increased very heavily the potential 
fatigue danger, but also because they have indicated 
that some of the trends in development will have t 
be changed from now on unless we are going to be put 
in a very difficult situation in the future. The intensi 
fied research efforts are mainly being devoted to obtain 
ing statistical data on gust loads, to laboratory testing 
of various kinds of specimens and to verifying or 
modifying the theory for cumulative damage. Fur 
thermore, the efforts of the physicists to discover the 
real cause of the fatigue phenomenon are followed with 
great expectations and in later years increased atten- 
tion has been devoted to the statistical aspect of the 
fatigue properties of structural materials. 

These studies and research work have resulted in a 
rather unanimous opinion that fatigue in fixed wing 
aircraft is a highly important matter that has to be 
considered for all types of transport airplanes. In the 
last few years there are also many indications that 
fatigue can be of great importance even for military 
aircraft, such as fighter planes, in spite of their short 
service life. It is alsocommonly agreed that our know!- 
edge about all branches of the intricate problem 0! 
fatigue in airplane structures is in its infancy and we 
have consequently a very long way to go before we cal 
tackle fatigue in aeronautics in a fully rational and re- 
liable manner, be it in the design of airplanes or in their 
operation. 

A natural consequence of our lack of knowledge 1 
this field and the appreciation of its importance 1s 4 
rather wide diversity of opinions about the most ap 
propriate general policy that should be followed in the 
future as well as about the more immediate steps that 
should be taken to cope with the current fatigue diff 
culties. As is well known, one main line of thought 
favours the use of highly redundant structures—t£) 
as with multispar wing construction. Pursuant there 
to, the successive replacement of members which during 
inspection have been found to have suffered fatigué 
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serious cracks, is considered as a rather normal or at least ac- With this outlook on the fatigue problem the paper 
olutio; ceptable method to assure a safe fatigue life. Ac- has been deliberately limited in its scope; it thus is 
opera cording to a contrary opinion a safe fatigue life might not claimed in any way to be a complete survey of the 

well be attained without resorting to structures of whole aeronautical fatigue problem. Such questions 
rt air high redundancy, if only the fatigue sensitive joints are as the relationship between trends in aeronautical de 
uffered lesigned to comply with certain criteria. A further velopment and the increased disposition for fatigue in 
Thes feature of this policy is that the service lives of the airplanes will not be dealt with here and many of the 
lerabl \irplanes are scheduled according to life estimates at general viewpoints usually expressed in overall studies 
entra reasonable time intervals determined on the basis of of the fatigue problem will be omitted in this presenta 
in the laboratory tests, partly performed since the type has tion. 
1 fixed been put in service, and on gust measurements. A further limitation will be, that although most of 
| mack Some holders of this opinion seem to consider replace- the views and methods presented in the paper are ap 
man\ ments of vital parts as a rather abnormal procedure, plicable also for military and private airplanes, the 
Se Te that as a rule should not be consciously counted on in paper is mainly written with fixed-wing transport air 
tioned the design of a new airplane. craft in mind and all the numerical applications are 
nce oj It is felt that both these policies, if applied with valid for this category of airplanes and in particular 
planes seat caution and with emphasis on thorough inspec- for their wing structures. 
pment tions at short intervals, can make the risk of catastro- 
great phic fatigue failures of airplanes now in service or — 
trend under construction ‘‘extremely remote.’’ This would 
me or mean compliance with the present rather vague ICAO 2.1. General Symbols 
‘ential nd CAR requirements, at least if the concept of ‘‘ex- 
’ Sc Seer ee ( = slope of wing lift curve, per radian 
icated tremely remote Is not too pretentious!) interpreted. B 1s sialeelnadaieall hil aalaniiies 
ve to \nother question is whether or not for the future any = parameter of S-N equation 
ye put of these two main policies without further development , = parameter of S-N equation 
tens can be considered a sufficient guide, either in respect ( = probability factor = cp,cpy = Pe/P, 
btain- to their suitability as bases for efficient designs together D = fatigue damage 
esting with economical operation, or as to their assurance of a nf ~= Geomnge Siemens 
° ii ; ; : 9 : E = endurance limit 
ng or sufficiently high level of safety seen in a world-wide F => Gallese ente 
Fur- sense. It implies no criticism to state that, at the H = total number of gust cycles giving accelerations 
or the present insufficient level of knowledge regarding aero- equal to or greater than a certain magnitude 
| with nautical fatigue, both the policies, as they have been One cycle is defined as one positive and one 
itten- applied hitherto, are of the nature of temporary expedi- h a Pisco yeti " pe — 
f the ents making the best of a bad situation. Irrespective Kn.) = tema ite Ratlinin 
of the fact that extended research will considerably = number 
ina decrease the fatigue difficulties whatever policy is = safety factor based on load 
wing beng followed, there now seems to be an urgent need i = safety factor based on time 
to be to establish a universally accepted philosophy as a . ~ Se 
, ; ; ; A = stress concentration factor 
n the background for any special policy or method chosen b, = Satioue facter 
that tobe used. Only by means of such a ‘‘common denom- k, = fictive fatigue factor, Eq. (26 
itary ator’ will it be possible in respect of fatigue to de- L = fatigue life in miles 
duet termine the most efficient ways to design new airplanes, L = absolute load amplitude 
now!l- is well as the most urgent needs for research, and to L. = absolute ultimate strength 
. . ; i = mean absolute load or 1g load 
m of attain a universal agreement about requirements that L ok tealiaeaies ahieniaes tual 
d we can provide a uniform and sufficiently high level of / = comparative load amplitude = L,/L 
e Call safety. VW = average number of element failures in a structure 
d re- This lecture is dealing in part with the question of . = number of elements in a structure 
their such a general philosophy but its main purpose is to ‘ pilhersiee sates “encsoent reniiticeaass — 
; : : : : Ps n = number of test specimens 
provide a technical survey of the aeronautical fatigue ‘i = ultimate design load factor in the most critical static 
ge il problem as it can be visualized to-day, in order to load case 
‘is a facilitate sound judgments of the future situation and n; = element load factor = L,/L 
+ ap- needs. In order to achieve this goal the lecturer has An = load factor increment due to gust 
i attempted to treat the problem mostly sins iin die. n = ae load or stress cycles of a certain 
that ned s, and to some extent also from the operator's, P = probability of failure 
difi- viewpoint. Furthermore, the study has, in some re- g = number of components 
ught Spects, been made in a quantitative way, because it is R = risk of exposure = dP/d/ 
ef, lelt that a discussion of the influence of all the various = ratio B/P ; 
ere: — of importance for the fatigue problem in a : 5 aaa al 
ring merely qualitative way or merely with numerical ex- = wihetive eee ead @ teem 
ig amples, does not sufficiently clarify the problem. ; = relative maximum load or stress 
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1 = operational time of an airplane in hours; fatigue 
life in hours 
. = inspection interval in hours 
l = equivalent vertical gust velocity, ft./sec 
V, = equivalent air speed 
= relative equivalent air speed 
HW’ = weight of airplane 
a = parameter of S-.V equation 
3 = parameter of S-.V equation 
e = Gamma-function 
m = relative wing weight, (Figs. 10 and 11 
v = relative gust sensitivity 
p = standard air density at sea level, slugs cu.ft 


= relative weight of the airplane related to the design 
weight 

= factor representing the effect on s, of a weight 
reduction 

= factor representing the effect on s,, of a weight 


reduction 


2.2. Statistical Symbols 


kp» = factor for calculating xp with a certain confidence 

n = number of test specimens 

P = probability 

s, = standard deviation of a variable x computed from a 


limited sample size 
l° = normal deviate 
= coefficient of variation of a variable x 


¥ = statistical variable 

t = mean value of x computed from a limited sample size 

¥50 = median value of x 

Xp = value of x corresponding to a probability P 

y = confidence coefficient 

o0 = true value of standard deviation of a variable (at in- 


finitely large sample size) 


.3. Subscripts 
A = area 

a = amplitude 
bh = basic 

c = centroid 
cr = critical 


ul 


all the main aspects of fatigue. 


qt 
a 
af 


endurance limit. 
wings built to the same specification and assuming 


th 


D = design 


E = endurance limit or element 
e = equivalent 

f = fictive 

i = inspection 

L = limit 

/ = comparative load 

m = mean 


P = probability 
r = reduced 
u = lower limit or ultimate 


3. PRESENTATION OF THE PROBLEM IN GENERAL 
TERMS 


3.1. Fatigue Versus Static Strength; Scatter Disregarded 


Let us first disregard the abundant scatter and other 
icertainties that to such a high degree characterize 
Regarding the fatigue 
1alities of a structural element this would mean that 
number of nominally identical elements would fail 
ter exactly the same number of load cycles above the 
Considering a number of airplane 


at they are subjected to varying loads following iden- 


tical load spectra, absence of scatter would imply that 
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the planes would fail after precisely the same life, for 
instance expressed in miles flown. Under the assump- 
tion of no scatter, a fundamental difference between the 
static and the fatigue sides of structural strength is 
evident. As is well known, static failure is mainly a 
matter of the chance of encountering a high load, for 
instance a severe gust load, in excess of the ultimate 
static strength of the structure. It is in other words 
at least basically a question of probability as illustrated 
in Fig. la. Fatigue failure on the other hand, under 
the said assumptions, is merely a matter of the applica- 
tion of a sufficient number of load cycles or of the air- 
plane flying a certain total distance. 

The implication of the fatigue phenomenon can be 
visualized by defining the ‘‘remaining fatigue strength 
as a quantity proportional to the remaining fatigue life 
both being 100 per cent before the structure has been 
subjected to any loadings above the endurance limtt, 
as illustrated in Fig. Ib. The structure is conse 
quently bound to fail when its remaining fatigue strength 
reaches zero—i.e., when its fatigue life reaches its ultt- 
mate value. This occurrence obviously has the char 
acter of an inevitable destiny and is not a matter 0 
probability under the assumed conditions of zero scatter 
in fatigue strength and applied load spectrum. 

This difference in the nature between fatigue and 
static strength qualities is of course self-evident for 
anyone familiar with fatigue problems. Nevertheless 
it is important to emphasize this difference for thos 
who have not specialized in fatigue matters, because 
there still seems to be a fairly common feeling that 4 
structure, even if it has been subjected to repeated 
loads above the endurance limit, remains undamaged as 
long as no detectable or non-detectable, fatigue cracks 


have developed. 
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between the physicists, whether or not a submicro- 


scopic crack develops at the very first application of a 


load. 
does not start until the specimen has been subjected to 


However, even if such a submicroscopic crack 
. certain number of load reversals—.e., even if the 
crack propagation follows the general pattern illustrated 
py the dashed curve in Fig. 1b, the damage should be 
considered or defined as proportional to time (at a 
given pattern of load cycles), following a straight line 
relationship, as shown in this figure. This concept 
of proportionality between damage and life might only 
be a matter of definition, but the definition seems sound 
and correct provided that the pre-crack damage is not 
eliminated by the material being able to regain its 
initial properties purely by resting, which to the knowl- 
edge of the lecturer has not been proved to be the case, 
at least, not to any appreciable extent. Fatigue dam- 
we and crack-propagation are thus two different mat- 
ters which for sake of clarity should be kept apart. 
Another question is how the actual fatigue failure 
From a purely physical point of 
that the 
part in question can no longer sustain the applied loads. 


should be defined. 
view failure means, of course, element or 
lhis simple definition is quite satisfactory for instance 
for parts of mechanisms which merely are subjected 
to fluctuating loads of a given pattern, without having 
to be able to withstand occasional “‘static’’ loads ap- 
preciably higher than the fluctuating ones. Under 
such loading conditions a complete physical failure 
will be the ultimate outcome of the repetitions of the 
loads, provided they are repeated a sufficient number 
of times. For an airplane wing the situation is com- 
plicated by the fact that the structure, according to 
the requirements for static strength, must be able to 
withstand at any time a single static load very much 
higher than the majority of the varying loads. A 
strict compliance with the static strength requirements 
‘allowable 


fatigue crack,’ which would mean that a load-carrying 


would therefore lead to the concept of an 


member should be considered as having failed by fa- 
tigue as soon as the fatigue crack has reduced the 
static strength of the complete structure below that 
specified by the static strength requirements. This in 
principle would mean that fatigue cracks are allowed 
to occur only when, and to the extent that, the struc- 
tural component in over- 


question is_ statically 


dimensioned. As over-dimensioning of fatigue-sensi- 
lve parts, such as joints, seems to be necessary in 
many cases, a rule of this kind would permit a certain 
propagation of fatigue cracks even in vital parts, pro- 
vided that (1) the cracks during, or still more strictly 
at the end of, a flight have not grown beyond the ex- 
tent at which the static strength requirements are just 
complied with, and (2) the cracks are detected and the 
damaged parts repaired before the next flight. 
However, such a rule might seem too severe, consider- 
ing the extremely small probability of the airplane en- 
countering a gust or manoeuvring load exceeding the 
required ultimate strength of 
the very same flight in which the cracks grew to the 


the airplane during 
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critical depths. It therefore could be justified to allow 
fatigue cracks to cause a certain reduction of the static 
strength below the minimum stipulated, but such an 
allowance must be made with extreme care and with 
due consideration of the rapidity of crack propagation 
and the detectability of the cracks. It might be borne 
in mind that in one of the most disastrous structural 
failures that have occurred, the wing spar finally broke 
in a thunderstorm after its static strength had been 
considerably reduced due to a highly developed fa- 
tigue crack. 

A general comparison of static and fatigue strength 
would be rather incomplete without touching upon the 
interesting question of whether failures of the two kinds 
can be grasped by one single theory. A number of 
scientists have outlined theories in this direction and 
some of them seem to feel that such a comprehensive 
theory would be of importance also for practical pur- 
poses. It has even been hinted that a single theory 
would make it possible to utilize the vast experience 
that has been obtained in the past regarding static 
strength and safety as a guide that would help us to 
tackle the future fatigue problem. 

This 


far as basic research is concerned, dealing with the 


“one theory’’ approach might be desirable as 
problem of the causes of fracture due to any number of 
loads. It that 
an essential difference will always be present, because 


might nevertheless be pointed out 
static failure takes place after the vield point of the 
material has been passed, whereas this is not usually 
a typical occurrence at fatigue failure. Regardless of 
this it is strongly felt that for the designer the ‘‘one 
theory’ line of thinking, for another reason, is hardly 
of any help at all, and that it might even be confusing. 
The reason is that the number of load cycles, which for 
any given load spectrum is a measure of operational 
lime, is the determining factor for fatigue failure, 
whereas the magnitude of one single high load is the de- 
This fact 
always distinguish the two types of failure and the 


termining factor for static failure. will 


corresponding two fields of design as two widely 


different topics. This statement might be regarded as 
a matter of philosophy, but it is felt that a sound 
philosophy should be the very basis for attacking en- 
gineering problems. The significance of the funda- 
imental difference between the static and the fatigue 
sides of structural analysis comes out clearly when 


dealing with the important matter of safety. 


3.2. The Nature of the Fatigue Problem for the Case of 
No Scatter 
Let us now briefly present the comparatively simple 
problem with which the designer would be confronted, 
if we maintain the assumption that the scatter is zero 
The task of 
to design the airplane 


or so small, that it could be disregarded. 
the designer would then be 
in such a way that it attains a certain desired or speci- 
fied fatigue life when subjected to a prescribed or 
assumed spectrum of varying external loads. It is 
usual to illustrate this situation by drawing two curves 
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(Fig. 2) with the varying loads plotted as functions 
of the number of load cycles, one representing the vary- 
ing applied loads or load spectrum under a certain 
period of operation, and the other being the endurance 
or S-.V curve of the element or component, the fatigue 
life of which has to be determined. For both curves 
the ordinates can be expressed in a number of ways 
using either absolute or relative quantities. For gen- 
eral treatments of fatigue of wing structures the most 
practical way of expressing the varying loads is in 
terms of the relative load (or stress) amplitude ob- 
tained by dividing the absolute load (or stress) ampli 
tude by the absolute ultimate strength, thus 


by: leg) Le = Sal Su 


The course of both the curves is dependent on the 
mean load, which should, to be consistent, be expressed 


as the relative mean load 
Sm @ Ly /Ly @ Sn/Se 


In order to calculate the cumulative damage effect 
of the varying external loads, it is of course necessary 
to consider related curves or functions for both the 
load spectrum and the endurance curve—4.e., the pair 
of curves or functions shall be valid for the same rela- 
tive mean load. This is illustrated in Fig. 2, in which 
three pairs of curves are drawn for three values of 
the relative mean load. One of these mean loads, 


Sm, = 1/np 


corresponds to the minimum ultimate design load fac- 
tor, Np, just necessary for compliance with the static 
load requirements. 

For obtaining the desired or required fatigue qualli- 
ties, it is usually necessary to increase the ultimate 
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static strength above the said minimum by increasing 
the structural area. This increase can be expressed 
by a multiplying factor, k4, which in this paper wil] he 
called the “fatigue factor.’’ An increase in area cor 
responding to k, will of course reduce both the applied 
relative load amplitude and the applied relative meay 
load and thus increase the fatigue life. The relatiy¢ 
mean load will be reduced from s,,, to 


An increase of the area corresponding to the factor 
k, evidently implies an additional static strength on 
top of the minimum static requirements which ar 
satisfied by the static factor of safety (normally |.5 
together with the limit load. This means that &, 
as far as static strength is concerned, is a measure oj 
“the static margin of safety’’ which is equal to k, - 
1.0. It is important to emphasize, however, that, when 
dealing with fatigue, the factor k, should not be re 
garded as a factor of safety and still less as an additional 
margin of safety. Under the assumption of no scatter, 
it is evident that the increase in area corresponding to 
k, is an absolute necessity in order to provide a certain 
desired fatigue life. This desired fatigue life should 
be regarded as a “‘limit’’ condition corresponding to the 
required limit load on the static side. Ascertaining a 
specified limit fatigue life should obviously be con- 
sidered as an equally important design criterion as at- 
taining a certain static strength. For the hypothetical 
case of zero scatter no factor or margin of safety is 
necessary, either on top of the required or limit fatigue 
life or on the structural area corresponding to the fatigue 
factor k, found necessary to provide the said fatigue 
life. In case of scatter in one or several of the aspects 
of the total problem of aeronautical fatigue the intro 
duction of one or a number of factors of safety as re 
gards the fatigue qualities is one possible way of ascer 
taining a required level of safety and this matter will 
be discussed in a following chapter. 

Turning back to Fig. 2 it might be pointed out that 
decreasing the relative mean load by the factor k, not 
only gives a decrease of the applied relative loads in 
direct proportion to k,, but also improves the endurane 
curve, although normally to a rather moderate extent 
as illustrated by the figure. 

Under the assumption of no scatter, the designers 
problem would be limited to the following main items 

1. To find or assume a relevant load spectrum and t 
express that in terms of s,, or R4. 

2. To determine a s,-S,-N family of curves for 
specimens closely representing the type of structural 
element contemplated for the design. 

3. To apply an accepted cumulative damage theor! 
on pairs of load spectrum and s,-V curves, having th 
same relative mean load, with the object of finding that 
value of k, or the mean load which gives the structural 
element a certain desired or required fatigue life. 

Another recognized method of dealing with the prob 
lem is to carry out a series of “‘varying amplitude 
tests,’ which in principle means that a “‘unit’’ loa 





spe ct 
speci 
for a 
of the 
and 1 
deter 
For 
simpl 
cons 
norm 
lower 
to zel 
to be 
limit 
maxil 
this t 
prefel 


is the 
As 
resent 
factor 
fatigu 
fatigu 
at the 
mum 
ments 
is not 


fatigu 
33. § 
It | 


tests ¢ 
extren 
test S] 
and t 


ws 


O5 b> 





easing 
ressed 
Will be 
‘a Cor 
pplied 

mean 
lative 


factor 
th on 
‘h are 


ure oj 
k, - 
when 
be re 
tional 
atter, 
ing to 
ertain 
hould 
to the 
ing a 

con- 
AS al- 
etical 
ty is 
itigue 
tigue 
tigue 
pects 
ntro 
1S re- 
iscer 


- will 


that 
, not 
Is in 
ance 


tent, 


ners 
ems 
id t 


- for 
‘ural 


eOr\ 

the 
that 
ural 
r( b 
ude 


oad 





FATIGUE LIFE OF 


spectrum for each test is repeated until failure of the 
specimen occurs. The tests have to be carried out 
fora number of different values of s,, or k4. A lowering 
of the mean stress level will give prolonged fatigue life, 
and thus that value of the fatigue factor, ky, can be 
determined, which gives the desired fatigue life. 

For pressure cabin loads the problem is inherently 
simpler because the load spectrum in principle is of the 
“constant amplitude’ type—i.e., the type used in 
normal S-.V tests according to their definition. As the 
lower limit for pressure cabin loads is zero, or close 
to zero, the S-N tests on which the design is intended 
to be based should also be carried out with the lower 
limit zero. Consequently the mean load, half of the 
maximum load, loses its meaning as a parameter in 
this type of endurance test and the maximum load, or 
preferably the relative maximum load or stress, 


Smar = Lmar/Lu = Smaz/Su 


is the natural ordinate in plotting the curves. 

As illustrated by Fig. 3, the Sya:-N curve itself rep- 
resents the fatigue life curve from which the fatigue 
factor can be determined in order to give a required 
fatigue life expressed in load cycles or flights. The 
fatigue factor is also in this case defined so that it is 
at the same time a multiplying static factor, the mini- 
mum value of which, according to the current require- 
ments, shall be 1.33. This minimum value, however, 
is not necessarily sufficient to provide a certain desired 


fatigue life in numbers of flights. 


3.3. Scatter and Probability 


It has been known for a long time that all fatigue 
tests display a very large scatter in the results, even if 
extreme care is taken to manufacture a number of 
test specimens identical within very narrow tolerances 
and the testing machine is rigorously checked as to 
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the magnitude of the applied loads. Much research 
has been and is being done by physicists and metallur- 
gists in order to determine the physical cause for fatigue 
or to find theories or hypotheses which fit the physical 
phenomena of fatigue, but so far, only little success 
has been obtained. Should these efforts eventually 
vield a satisfactory explanation or interpretation of 
fatigue, this might lead to the development of ma- 
terials with improved fatigue properties compared 
with those which characterize some of the light alloys 
now commonly used in aeronautics, and this is, of 
course, a highly desirable target to aim at. That 
successful basic research of this kind, however, would 
lead to an appreciable reduction of the scatter seems 
highly doubtful in view of what we already know about 
the submicroscopic nature of the behaviour of metals 
subjected to repeated loads. A quite considerable 
scatter in the fatigue properties must therefore be re- 
garded as an inherent characteristic of all materials, 
as well as of structural elements, built-up parts and com- 
plete components, and it is believed that this state of 
affairs must be accepted as an inevitable fact also for 
the future. This implies that the only rational way 
of dealing with the fatigue problem is by means of 
statistical methods, which in turn means that the con- 
cept of probability must be introduced into the picture. 
As regards the S-.N side of the problem, the situation 
is illustrated by Fig. 4, which shows a typical scatter 
band in s,-.V-plot with P-curves for various probability 
levels. P here signifies the probability of failure and 
is defined as 
P =1t/n (1) 


where 7 is the number of specimens that fail and 
is the sample size. It might be pointed out here that 
the probability concept is always tied up with average 
conditions and furthermore that the sample size must 
be about as large as indicated by the P-level under 
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consideration. Thus the determination, with good 
accuracy, of a P = | per cent level presupposes a 
sample size of about 100 and to determine P = 0.1 
per cent about 1,000 specimens would need to be tested. 

So far the word scatter has been used as a measure of 
the varying results that are obtained in S-.\V-tests 
carried out in a laboratory with nominally identical 
specimens and loading conditions. The structural 
elements in an airplane, however, are normally manu- 
factured to much wider tolerances than test specimens. 
They are subjected to external wear and tear during 
service and the loads applied to them might change 
during the operation of the airplane due to redistribu- 
tion of the load pattern, for instance as a result of some 
very high loads. 

These and other similar factors tend to increase the 
scatter band for an airplane as compared with that for 
a laboratory element, and this is why great care must 
be taken in transferring scatter in S-.V-results from 
laboratory tests to scatter in the fatigue properties of 
the complete airplane. 

Also the two other main aspects of aeronautical fa- 
tigue, the load spectrum, in particular for gusts, and the 
cumulative damage, are afflicted with quite large 
uncertainties or matters of ignorance and even scatter 
in a more limited statistical sense. The gust loads 
depend appreciably on altitude, the geographical lo- 
cation of the routes and on the operational technique, 
etc. The resulting possible outer limits for the gust 
load spectrum differ by a factor of the order of 20 or 
more (see Fig. 12, Chapter 5). It should be empha- 
sized, however, that all this spread is not ‘‘scatter’’ in 
quite the normal meaning, because we can very well 
neglect the possibility of an individual airplane being 
used for operations widely different from the type of 
operation the airplane is designed for-—e.g., a long range 
high altitude transport plane will hardly be used for 
very short-distance flying. The actual scatter band 
of the load spectrum or load history for planes of a 
certain type will therefore always be narrower than the 
spread-band corresponding to the gust distribution in 
the whole atmosphere, but nevertheless, the scatter 
band in most cases will be distressingly wide. 

The only method of radically decreasing the uncer- 
tainties in load history is by recording for each indi- 
vidual airplane, preferably continuously, the load 
history or the damaging effect of the loads encountered. 
A general adoption of such a recording technique, by 
installing ‘‘fatigue meters’? of one kind or another, 
would bring about quite a substantial reduction of the 
total uncertainty in applied loads. However, even 
with the best conceivable types of fatigue meters, 
there will always remain an appreciable scatter or 
uncertainty about the applied loads, as no type of 
fatigue meters can represent exactly the loading con- 
ditions for all the fatigue-sensitive parts of an airplane. 

The uncertainty with respect to the cumulative dam- 
age at varying load patterns is at present, to a large 
extent, a matter of ignorance, as we still know very 
little about the cumulative damage effect and as the 
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validity of the hitherto commonly used theory (3 » 
= 1) is questionable. Regarding the future situatio, 
in this respect, it might be pointed out that even jj 
further research leads to a more accurate theon 
considerable scatter will still remain, as the cumul 
ative effect has been proved to be dependent on th 
sequence in which high and low loads follow egg} 
other, for instance whether a very high load is encoyy 
tered in the beginning or later on in the service life oj 
an airplane. This source of scatter obviously cannot 
be eliminated even if the fatigue life for a complet 
airplane were studied by varying amplitude fatigy, 
tests. 

This review of scatter and other variabilities jy 
aeronautical fatigue is by no means complete. A num. 
ber of other factors might also contribute more or less 
markedly to the total amount of uncertainty. One oj 
these factors is the increase in the probability of failur 
in the case where the airplane structure is built up by 
a number of fatigue-sensitive parts. This is an intricat 
and important problem which will be dealt with further 
on. Another, although related, cause of uncertainty js 
the fact that a structural member of an airplane might 
be subjected to a different loading pattern as compared 
with that applied in laboratory tests. The fatigue 
tests in an ordinary fatigue machine are normally 
arranged so as to give a constant stress or load level 
even after a considerable fatigue crack has developed 
In an airplane structure, however, the development oj 
a crack in a part which is a member of a statically un- 
determinate structure, might cause a decrease of the 
load on that part simultaneously with its area, and 
hence its stiffness, being reduced by the propagating 
crack. This decrease of the load on the member 
might make the loading conditions correspond more 
closely to loading with constant strain amplitude in- 
stead of constant stress. This and similar circum 
stances call for extensive research, but it will probably 
always be difficult to take them accurately into ae- 
count. 

From the above discussion it follows that scatter and 
other uncertainties are inevitable, and largely inherent 
characteristics in aeronautical fatigue. The total 
scatter will certainly be decreased by extended te- 
search and improved techniques, but it is believed that 
it will never be possible to reduce all the scatter im 
fatigue life below a value of several hundred per cent 
The conclusion to draw from this state of aifairs cannot, 
the author thinks, be expressed more clearly than has 
been done by Rhode at the Fourth Anglo-America® 
Conference, 1953: ‘‘In short, present inability t 
calculate the fatigue life is such that any number 
coming from such calculations and purporting to repre: 
sent the fatigue life on an absolute basis is meaningless. 
It is believed that this statement will always be valid 
but, on the other hand, this does not imply any reason 
for pessimism providing we change the target to be 
aimed at from attempts to predict the fatigue life 0! 
an individual airplane and instead direct our efforts 
to preventing the occurrence of fatal fatigue failures. 
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14, Fatigue Versus Static Strength Considering Scatter 


It was pointed out in Section 3.1 that in the case 
where scatter could be disregarded the occurrence of 
, static failure of an airplane, due for instance to a 
severe gust, is by nature a question of probability, 
whereas the fatigue failure would not be a matter of 
probability as the structure would be bound to fail 
iter a certain number of load cycles. However, the 
fact that in reality the total scatter in aeronautical 
fatigue is of an unusually high magnitude, undoubtedly 
makes fatigue in the airplane a very pronounced prob- 
ability question. This certainly modifies, but it does 
jot in principle change, the fundamental difference 
between fatigue and static loading and failure, which 
can now be summarized as follows: 

a) Even considering scatter the significant quan- 
tity in fatigue, at a given loading pattern, is still the 
number of load reversals or operational time (whereas 
applied /oad is the important concept for static strength 
and failure). 

b) The nature of the probability aspect for fatigue 
loading is widely different from that for static loading. 
For any certain type of operation the probability of the 
airplane encountering one severe load, for instance a 
gust load, in excess of the static strength is in principle, 
independent of elapsed time, as such an occurrence 
might happen on any occasion during the operational 
life of the airplane. The probability of a fatigue failure, 
however, changes quite markedly during the service 
life of each airplane. This is illustrated by Fig. 5a 
which shows a typical probability or ‘‘distribution”’ 
curve. The probability of failure due to fatigue for 
iy good airplane design is zero during the first flights, 
zero or negligible for a considerable part of the life time 
ind subsequently it reaches a disturbing level of say 
| per cent, whereupon it would further increase to and 
above 50 per cent if not withdrawn from service (all 
under the assumption that no repairs are made). This 
is the characteristic feature of the probability aspect 
in fatigue, which differentiates it from most other 
probability questions in aeronautics. 

As thus the probability aspect, although in different 
ways, comes into the picture for both the static and 
fatigue sides of airplane design and operation, it might 
be of some interest to compare the relative importance 
ol the probability feature for the two cases. Consider- 
ig only transport airplanes, it should first be observed 
that the magnitude of the “‘ultimate’’ velocity of a 
gust, which would break an aircraft wing, for one and 
the same ‘‘limit’’ gust velocity, varies both with the 
gust sensitivity and with the direction of the gust. 
lf the gust sensitivity is expressed in terms of the 
limit” acceleration increment caused by a 50 ft./sec. 
gust, and is such that this gust velocity causes an accel- 
eration increment of 1.5, the static gust case coincides 
virtually with the manoeuvring case for upward 
loads, and then the ultimate positive gust velocity 
would be 50 X (3.75 — 1)/1.5 = 92 ft./sec. At the 
same sensitivity for downward gusts and provided 
that the required wing strength for downward manoeu- 
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vring loads is just complied with (ultimate negative 
acceleration = 1.5), the ultimate negative gust velocity 
would be 50 X (1.5 + 1)/1.5 = 88 ft./sec. 
then a higher gust sensitivity, for instance corresponding 


Assuming 


to a limit acceleration increment of 2.0, it is found that 
the ultimate velocities for upward and downward 
gusts are 50 X (4.5 — 1)/2 = 88 and 50 X (1.5 + 
1)/2 = 63 ft./sec., respectively. 

As thus the magnitude of the ultimate gust velocity 
varies so considerably and as the frequency of gusts 
decreases very markedly with increased gust velocity, 
it follows that the probability of encountering a gust 
which would break the wing is highly dependent on the 
gust direction and on the gust sensitivity of the air- 
plane. Because the ultimate gust velocity is smaller 
for downward gusts than for upward gusts, the former 
are normally the critical ones. If the discussion is 
limited to considerations of the overall safety, it is 
felt that a negative ultimate gust velocity of about 
SO ft./sec. 
estimating the overall probability of static failure of 


would be a representative basic value for 


current types of transport airplanes, assuming that 
the increased probability of failure for the more gust 
sensitive planes is approximately balanced by the de- 
creased risk for the less gust sensitive ones. 

Even with such a fixed ‘‘critical level’ of gust ve- 
locity, around SO ft./sec., the probability of failure is 
difficult to determine due to the facts that the available 
statistical data regarding gusts of this magnitude are 
quite insufficient and that the available records of less 
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severe gusts disclose a very large spread depending on 
altitude, geographical location and source of informa- 
tion, etc. Extrapolations by eye of the gust spectrum 
curves shown in Fig. 12 that gust of 
around SO ft./sec. on the average might be expected 


indicate one 


in a total distance flown of anything between 10° 
and 10° miles. Such simple extrapolations are 


naturally very inaccurate; for more reliable estimates 
statistical methods must be used, for instance by apply- 
ing the theory of extreme This method 
seems to indicate that the chance of encountering a 
80 ft./sec. gust would be of the order of once in 10° 
to 4 X 10’ miles—i.e., around the lower limit just men- 


tioned.* 


values.® 


The accident statistics, however, do not seem to verify 
this comparatively high probability of static wing failure 
for transport airplanes. From 1946 to 1955 the sched- 
uled domestic air services in the U.S. have accumulated 
3 xX 10° plane miles with only one airframe 
failure that can be attributed 
Further, it might be pointed out that the official report 
of this accident’ indicates that this failure could most 
likely have been avoided if a certain issued Severe 
Weather Bulletin had been received by the pilot. 


around 


to severe gust loads. 


This latter circumstance leads to the question of 
whether or not the attainment of exceedingly high 
static gust loads can be considered as purely a matter 
of probability in a statistical sense. It must be kept 
in mind that the airplane is not a robot but is operated 
by intelligent minds. It therefore appears that an 
exterpolation by statistical methods of recorded gust 
loads provides a too pessimistic picture for the future, 
in particular if one considers the ever-increasing meteor- 
ological knowledge resulting in improved means of 
avoiding regions of very turbulent air, such as thunder- 
storms. The author's feeling is that, with the present 
static requirements, the probability of static failure 
due to gusts is almost negligible, at any rate in the fu- 
ture, if one presupposes that improved means will be 
found to avoid the very rare, but severe, “clear air 
gusts” due to jet streams. 

Static failure, however, can also be caused by a high 
manoeuvring load, for instance due to a hard pull-out 
in order to avoid collision with any object——e.g., due 
to bad visibility conditions. Structural failures of 
this type are also extremely rare, but it might be 
stated that not even these can be considered to be 
merely a matter of probability in a statistical sense. 
Anyhow the pilot should have a reasonable chance to 
prevent a catastrophe by making a hard pull-out with- 
out breaking the airplane. In view of these remarks 
a word of caution might be said in connection with the 
recent proposals made*® to consider a reduction of the 


present static factor of safety of 1.5. 


* It is realized that this discussion of the probability of static 
failure is rather schematic as the scatter in static strength is 
assumed to be zero. A complete statistical treatment should of 
course also include this scatter®* *4 but for the purpose of providing 


an overall picture the above discussion might be sufficient 


AERONAUTICAL 


SCIENCES—-JUNE, 1955 

If we now sum up the comparison between the as 
pects of probability regarding static and fatigue failures 
it can be stated that the probability of static failure oj 
transport airplane wings is almost negligible and that 
the question of static strength should not merely jy 
treated as a problem. The ' 
fatigue failure, on the other hand, owing to the ven 


probability matter 


large scatter, is such a pronounced probability question 
that the only rational way of tackling the problem js 


by means of statistical methods. It might furthermor 
be added that the accidents due to fatigue during th, 
last decade indicate that at present the probability 
of fatigue failure, taking all existing types of transport 
airplanes into account, is considerably higher than that 
of static failure. How this will be in the future wil] 
of course, entirely depend on what we are going to d 
about the fatigue situation. 


3.5. Failure Rate 


The tackling of the aeronautical fatigue problem by 
statistical methods necessitates some kind of governing 
philosophy as to a proper definition of the level oj 
safety to be aimed at. The first thing to be agreed 
upon is whether the safety concept should be based on 
incidents or accidents. To use the occurrence of a1 
incident does not seem very practical, in the first place 
because it is a rather vague concept. It could be 


defined in a number of ways, for instance, as the 


occurrence during flight of a 
then it remains to define what is meant with a detectable 


“detectable” crack, but 
crack which, of course, must be dependent on the avail 
able, and applied, methods of inspection. Another 
possible definition of a fatigue incident would be the 
occurrence of cracks or failures of structural components 
so bad, that the static strength is reduced by a certait 
degree. Obviously any definition of an incident due 
to fatigue would involve a considerable degree of arbi 
trariness, and moreover, the risk of an incident leading 
to an accident of a catastrophic nature would diiler 
greatly for different types of design, different opera 
tional conditions and different inspection procedures 

The occurrence of catastrophic failures seems to be 
much more unequivocal concept and is therefore sug 
gested to be used as the basis for treatment of the 
question of safety against fatigue. 

The level of safety can, nevertheless, be defined in 
number of ways, some of which will be briefly discusse¢ 


One method would be to consider only the probability 
of failure, which is a function of the operational time 
P = P(T) 
The growth of P with time —i.e., the distributio 


function, is illustrated by Fig. 5a, assuming a |og 


normal distribution. A requirement that the prob 
bility of failure of a catastrophic nature should never es 
ceed a certain maximum value, P,,, the “oritical 
probability, would mean that P,, would be that fractio! 
of a number of airplanes, for instance a fleet of a certal™ 
type, that on the average would be allowed to suffer 
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jatal fatigue failures. Such a basis for the safety 
concept could possibly be of some value for limited 
applications —e.g., if one considers a fleet of military 
airplanes of a certain type or class, say all the fighter 
planes in a country. 

The disadvantage of only considering the probability 
of failure is twofold, namely, that it does not give 
credit to a long fatigue life and that it does not indicate 
the level of safety in a more general way, for instance 
applicable for civil aviation as a whole. It might also 
be pointed out that a definition of this kind might possi- 
bly lead to applying different values of the critical 
probability for different sizes of the fleet of airplanes 
under consideration. As an example, such a_ high 
P-value as 1 per cent might superficially seem 
satisiactory if the fleet only consisted of 10 planes, 
whereas this value evidently is much too high if 1,000 
planes were considered. 

Another way of considering safety would be to 
impose some demands on the maximum “‘risk of ex- 
posure” that would be permitted on flying with any 
airplane of a certain category e.g., civil transport 
airplanes. The risk of exposure per hour of flight, R, 
is equal to the derivative of the distribution function 


R = dP/dT (2) 
or identical to the frequency function illustrated in 


Fig. db.* 


would correspond to a limit value of 7’, thus 


R, = (dP aT), TI (- 


Its highest permissible or ‘‘critical’’ value 


However, a sole application of the safety concept 
merely On a maximum or critical value of the risk of 
exposure does not seem to be satisfactory either, for 
broadly speaking the same reasons as those mentioned 
concerning the probability itself—namely, that R,, 
does not yield the influence of the fatigue life, nor does 
it provide a picture of the overall level of safety. 

A third and rather straightforward method would be 
to use the concept of failure rate, defined as 


F = P/T (4) 


as a measure of the level of safety. The maximum 


permitted or critical failure rate would be 
F. = P,. T, (5) 


In this equation 7°, is the ‘“‘limit’’ fatigue life corre- 
sponding to the concept of limit load, the word limit 
implying a permissible level or occurrence. On the 
Static side an ultimate or design condition is defined 
by multiplying the limit load with a factor of safety. 
The application of the same method as regards fatigue 
life would lead to the definition of a design fatigue life, 


lp, and a factor of safety on life, thus 


Tp = jrl 1 (6) 


It might be observed that in Fig. 5 the maximum of the 
requency curve does not correspond to P = 50 per cent of the 
‘stribution curve because the abscissa of the diagrams is log 7 


nd ' ‘ 
ind R is the derivative with respect to 7 
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This factor of safety, j7, would then cover, partly or 
wholly, the scatter and other uncertainties between 
the ‘‘limit’’ conditions (1) and the ‘‘design”’ conditions 
(D). The latter conditions can be defined in different 
ways; they can for instance be referred to the mean 
value of the total scatter band. This investigation 
will mainly deal with the principles for treating all the 
uncertainties by statistical methods, which means that 
no special factor of safety would be necessary. In case 
some or all uncertainties are left out from fatigue an- 
alyses one or a number of factors of safety have to be 
applied, a matter which will be discussed in Chapter 12. 

The critical failure rate obviously is the mean value 
of the risk of exposure 
1 (?4dP 
. ~ 7 
Ti Jo dl 


up to the limit, or any other fixed, life. The concept 
of failure rate may also be applied as a measure of the 
average safety, both for all the airplanes of a certain 
type regardless of the utilization rate of the individual 
planes and for all airplanes of a certain class or category, 
for instance all civil transport airplanes, even if the 
different types of this class are designed to different 


failure rates. Thus 


F = SP,/2T, S 


where P,, and 7, are the actual probability of failure 
and the corresponding life in hours, respectively, for 
one individual airplane. When 7 airplanes of the same 
type are utilized up to their limit probability and limit 
life, Eq. (8), will obviously be transformed into Eq. 


(5) as 
Sihal ein = “UP,/uT, = P,/T; (9) 


The generally defined failure rate of Eq. (S) is ob- 
viously consistent with the terms in which accident 
statistics are presented as it gives the average number 
of failures per hour flown. It might be added that if 
one and the same critical failure rate is applied for all 
types of airplanes belonging to a certain category, for 
instance transport airplanes, the total resulting failure 
rate will obviously be equal to the failure rate for each 
of the types. 

For the reasons stated, it is proposed that the failure 
rate should be considered as the basis for dealing with 
fatigue problems in aeronautics. This can, of course, 
be done without any general agreement as to an approp 
riate quantitative value of the critical failure rate. In 
the long run, however, it does seem highly desirable 
that at least all civil transport airplanes should be 
built to comply with one single, numerically determined 
level of safety, a matter which will be discussed in 
Chapter 4. 

Although the failure rate seems to be the most 
appropriate basis for fatigue studies in aeronautics, 
it might possibly be desirable to employ also certain 
critical values of the risk of exposure or of the prob- 
ability itself as further limitations. Dealing first with 
the risk of exposure, it is of interest to establish the 
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relationship between corresponding values of R and F 


if the life 7 of an airplane is represented by a log- 
normal distribution (Fig. 5), then 


l S = 
P = ®#(£) = [ e *'" @e (10) 
V 2nd - 
where 
€ = [log T — (log T)s] o (11) 


where o is the standard deviation (see Section 6.2 and 
Fig. 5). 
Eq. (2) gives 
log e str 
= er (12) 
olI'N 27 


The ratio between R and F is thus 


R log e a . 


r=-—= ron ill ila (13) 
f oPV 2r 


If P is given a fixed value P, the corresponding & 
for the normal distribution can be obtained from 
statistical handbooks.'"'! The ratio 7 is then a func- 
tion of the standard deviation, o, exclusively, which is 
shown in Fig. 6 for P = 1, 0.1, and 0.01 per cent. 
From this figure it can be seen that the maximum risk 
of exposure per hour is of the order of 10 times the 
average failure rate. In view of the order of magni- 
tude of the critical failure rate discussed in Chapter 4, 
the risk of exposure does not seem to be so high that it 
would be necessary to introduce an overriding limita- 
tion regarding risk of exposure on top of the critical 
failure rate. 

To apply a certain maximum probability of failure 
as an additional limitation might, seen superficially, be 
of some value. A little afterthought, however, im- 
mediately shows that such an extra limitation would be 
meaningless, as P and F are interrelated according to 
the definition, Eq. (4). 

In this connection it might be of some interest to 
clarify the practical meaning of probability and failure 
rate with an example. Say, for instance, that a fleet 
of 100 planes of a certain type are designed to have a 
limit fatigue life of 10,000 hours, implying a total flying 
time of 10° hours. If now a maximum failure rate of 
10> were required, then this would mean that the type 
would have to be designed to a probability level not 
higher than P = (7F = 104 X 10-* =) 10-*. This 
implies that on the average one of 10,000 airplanes 
would be expected to suffer a fatal fatigue failure, a 
ratio which might seem unnecessarily low in view of the 
fact that the fleet only comprises 100 planes. Never- 
theless, this probability figure would be necessary to 
comply with if this particular fleet of airplanes were not 
to impair the overall level of safety represented by the 
demand in this example that the overall failure rate 
should not exceed 10°. Only if the fleet were increased 
to 10,000 planes instead of 100, would one plane of the 
fleet be rather likely to fail by fatigue, but then the 
total hours of flight would amount to exactly 10° hours, 
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the inverse value of the required failure rate in thi 
example. 

It is thus obvious that any particular fleet or part of aj} 
the airplanes belonging to a class or category of planes 
for which a certain maximum failure rate is prescribed 
will have to be designed to a level of probability oj 
failure which is normally very much less than that at 
which one plane of the fleet would be likely to fail, 

The relationship between P and F is furthermor 
exemplified by Fig. 7, which in principle gives a P-F-s, 
7-diagram for constant amplitude loading typical for 
pressure cabins—1.e., with the lower load limit equal t 
zero. This figure illustrates the hypothetical cas 
where only the scatter in the S-.\V qualities of the struc 
ture has to be taken into account and where no redun 
dancy or possibility of preventing failure by inspectio: 


and repair exists. 


3.6. The Probability Factor 


The proposal that the failure rate for catastrophi 
failures should be the basis of the fatigue safety con 
cept, and the fact that this failure rate must be kept 
extremely low, makes the corresponding limit prob 
ability of failure so small that it might be difficult t 
assess by statistical methods. The limit probability 
however, will only have to be applied in the design oi 
the various elements of the airplane when there is m 
chance of preventing a fatal failure by discovering th 
fatigue crack in time and when the structure is staticall 
determinate, implying that failure of one element causes 
failure of the whole structure. This, however, must be 
regarded as a hypothetical case. 
mostly be concerned with the probability of failur 


The designer will 


in the individual fatigue sensitive elements or parts 0! 
the airplane. This probability level, which is called 
the element probability, Pz, is normally very much 


higher than the limit probability, thus 
Pr = crP, l4 


where cp, ‘“‘the probability factor,’’ is introduced as 
measure of the ratio between the probability, Pz, 0! 
fatigue failure of the most fatigue sensitive vital part 
and the probability of a catastrophic accident. Th 
probability factor can be split up into two main com 


ponents 
Cp = Cpilpa 


of which cp; is the increase in the probability level dut 
to inspection and Cp, is the increase due to the type 0! 
design used, in particular the inherent degree of re 
dundancy. 

The implication of the probability factor and its tv 
components will now be briefly discussed with refer 
ence to the schematic Figs. 8 and 9 illustrating the 
conditions of a statically determinate system and of a 
highly redundant system, respectively. These figures 
illustrate a number of distribution curves, the two most 
interesting being the ‘“‘element curve” (0), for fatigu' 
sensitive elements of the structure, in particular for th 


Hh 


most sensitive element, and the ‘‘critical curve 
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Although the de- 


signer is interested primarily in obtaining the element 


for failure of the entire structure. 


curve from the critical curve, which would give him 
the element probability for which the elements should 
be designed, the curves will be explained in the opposite 
order for sake of simplicity. 

In Fig. 8 the element curve (0), which passes through 
the point 7, Px, is the distribution curve for the most 
fatigue sensitive element. This curve is assumed to 
have been determined by the use of either information 
regarding the P-S-N-qualities of structural elements 
similar to those intended to be used in the design or 
varying amplitude 


corresponding information from 


tests. From the element curve the curve (1) is cal- 
culated by assuming, for instance, that the structure 
consists of m vital elements each with an equal or lower 
nominal fatigue sensitivity than that for the element 
represented by curve (0). Curve (1) is thus the dis- 
tribution curve corresponding to complete failure of the 
entire structure as the redundancy is assumed to be 
zero. This curve is valid for the imaginary case where 
failure of an element is never prevented by detecting 
cracks during inspection. In practice, however, catas- 
trophic failures might be 
even in the case of statically determinate structures, 
due to the fact (see Section 3.1) that an appreciable and 
also detectable crack can usually occur before the static 


precluded by inspection 


strength is reduced to such an extent that the structure 
cannot withstand the manoeuvring or gust loads likely 
to occur during the flight preceding the detection of the 
crack. How much the distribution curve for the com- 
plete structure can be improved or lowered, due to 
inspection is, of course, dependent on a number of 
factors, such as the rate of crack propagation, the 
extent to which cracks can develop and grow to critical 
depths without being possible to detect (mostly in the 
interior of heavy joints), and above all, the length of 
the inspection intervals and the thoroughness of these 
inspections. The assumption of a 100 per cent effective 
inspection carried out after each flight would lead to a 
rather substantial lowering of the probability of failure 
of the whole structure, curve (5). In reality, however, 
one must take into account the possibility that some 
cracks will pass undetected through one or a number 
of inspections, which results in the realistic final prob- 
ability curve (6) for the whole structure. This curve 
should pass through or below the point 77, P,. 

Turning now to Fig. 9, a redundant structure is 
assumed to consist of g main components—e.g., spars, 
each comprising m vital elements in series. Curve (2) 
is the distribution curve for failure in any of the mq 
elements. It is further assumed that the whole struc- 
ture does not fail until g. components have failed. Asa 
first approach, it can be assumed that failure of any one 
of the components does not imply a change of the 
load in the other components, curve (3). This, how- 
ever, would practically always be an erroneous assump- 
tion and on the unsafe side, as a quite substantial in- 
crease in the loads of the other components, particularly 


in those adjoining the fractured component, must norm- 
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ally be taken into account. If this is considered, ey 
(4) is obtained. This curve thus represents the djs 
tribution curve for the case where no inspection at 4) 
is carried out. <A 100 per cent efficient inspection afte, 
each flight would lead to a very low theoretical cyry 
(5), whereas a realistic assumption that on the averag 
only a certain percentage of cracks or part failures wi] 
be detected at inspections often at longer intervals tha; 
after each flight, would give the critical curve (| 
which again should pass through or below the point 
(ee ae 

It might be pointed out that redundant structures 
can be built up in a vast number of different ways and 
that the above description will therefore only be repre. 
It will be the task of th, 


designer to analyse his particular type of structure j 


sentative for certain cases. 


order to assess the relevant distribution curves, or jj 
some other appropriate way, calculate or estimate thy 
total probability factor cp. 

The above description of various distribution curves 
for the cases of statically determinate and redundant 
systems has not covered all the uncertainties prevailing 
in aeronautical fatigue. A few words might therefore 
be mentioned about the other uncertainties brief 
In the first place it should 


described in Section 3.3. 
be pointed out that in establishing the ‘element curve 
(O), consideration has to be taken to any difference 1: 
tolerances between the fatigue sensitive elements of the 
airplane and the specimens used for the applied desig 
information. The fact that elements in a redundant 
structure might be .oaded more corresponding to con- 
stant strain than to constant load or stress, is deemed 
to be a slight relief for an element in which a crack 1s 
propagating. It therefore normally should be safe to 
neglect this matter in spite of the fact that the reliel 
in the loading of the cracking element causes an increast 
in the loading of other elements, in particular the 
adjoining ones. Furthermore it might be emphasized 
that the element curve naturally must be based on stati 
analyses of the structure giving the load level in the 
element. Any uncertainties in this respect should be 
covered by conservative assumptions. 

The uncertainties connected with cumulative damage 
are of different magnitude and nature if the design 
information is based on S-N testing or on varying 
amplitude testing. In the former case the “element 
curve’ has to be calculated with due consideration 
to the relationship between the scatter in S-N results 
and at varying amplitude loading, a matter which calls 
for special research. As regards the uncertainty in the 
cumulative damage theory itself it might preliminaril 
be proposed that, inasmuch as this uncertainty mostl) 
seems to be a matter of ignorance, the uncertaitt) 
should be taken into account by a conservative assump- 
tion as regards the applied theory, for instance )) 
putting the critical sum of the part damages somewhal 
lesser than 1.0. In case the element curve is based 0 
varying amplitude testing the said uncertainties at 
eliminated in principle, but there is still the remaining 
uncertainty that some very high loads (possibly & 
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juded in the loading program for the testing) might 
contribute markedly to the damage and in a different 
yay, depending on when such high loads occur during 
the lifetime. This matter could be taken into account 
hy considering the part damage due to such high loads. 
For sake of simplicity it might be assumed that such 
inads occur at stages of the life when they cause the 
ost damage, which in most cases might be toward the 
nd of the fatigue life. A more complete and partly 
statistical treatment of this uncertainty might also be 
possible. 

[The uncertainty as regards the number of applied 
lpads (as apart from the composition of the load spec 
trum at a given total number of loads) is to such a 
high degree dependent on the nature and number of 
the fatigue meters used in the individual airplane, 
that no general rule can be given for a statistical treat- 
ment of this matter. Therefore the only rational way 
i dealing with this question is to exclude this uncer 
tainty from the fatigue life and fatigue probability 
calculation by basing all the calculations on an assumed 
basic’ load spectrum curve, as will be discussed in 
‘hapter 5. Any deviation in actual service from this 
basic assumption has to be accounted for in connection 
with the operation of the individual airplane. In 
doing so, due consideration has to be given to the 
uncertainty of the fatigue metering equipment used as 
regards the accuracy with which the equipment 1s 
apable of recording the load history of the airplane or 
the damage effect of actually applied loads. 

Finally it might be pointed out that it is of course 
impossible to give any generally applicable numerical 
values of cp, or of any of its parts. In general it might 
be stated, however, that both cpg and cp; are consider- 
ibly larger in a redundant system than in a statically 
determinate one. It might also be possible to design 
i structure in such a way that, even if the elements are 
designed to a rather high probability level, the prob- 
ibility of fatal failure for the whole plane, would fall 
below the value corresponding to a certain required 
upper limit of the critical failure rate. Alternatively, 
‘tmight be possible to extend the life of such a structure 
beyond the required limit life, so that a prescribed 
maximum failure rate is just complied with. The price 
to be paid for the gain in failure rate or in life is ob- 
viously the necessity to carry out a considerable number 
of repairs including even replacements of major com- 
ponents. It seems quite possible that the “repair 
rate’ could become prohibitively high and thus an 
economical limit would be set on the level of the accept- 
ible probability of failure for the individual elements, 
implying a shorter life than that corresponding to a 
prescribed maximum failure rate for the whole airplane. 


3.7, Summing Up the Problem 


After this general review of the most important 
aspects of the aeronautical fatigue problem we are in a 
position to sum up the problem as it confronts the 
designer and the operator, and to outline briefly the 
kind of research work that has to be carried out. 
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The designer's problem can suitably be divided into 
the following two topics: 


Topic A. 


Designing for fatigue. 


It is nowadays rather widely agreed that the fatigue 
problem should to the greatest possible extent be dealt 
with already in the design stage of a new type of air- 
plane. During this stage, however, no parts of the 
airplane of the ultimate shape are available for fatigue 
testing and the designer will therefore have to resort to 
general kinds of fatigue information applicable to the 
intended type of design. This consequently implies 
that one of the most important aims for research in 
aeronautical fatigue is to establish reliable design 
information, and convenient methods of utilizing it, 
enabling the designer to produce efficient structural 
designs which comply with certain specified fatigue 
qualities, be they specified by the designer himself or 
Such qualities should pri 
For the 


in official requirements. 
marily be expressed in terms of failure rate. 
case of highly redundant and easily inspectable types 
of design additional criteria in terms of repair rate 
might have to be established, preferably in cooperation 
with the operators. 

Regarding the type of fatigue testing that should 
preferably be used in order to establish generally 
applicable design information, the following might be 
said. Varying amplitude tests have the advantage of 
giving direct information as regards the fatigue life of a 
specimen under varying load amplitudes, which implies 
that no more or less questionable cumulative damage 
theory needs to be applied. One disadvantage with 
this method is that the test results have a more limited 
value as they are only valid for the particular type of 
load spectrum applied in the tests, whereas the results 
of S-.V tests are in principle applicable for any type of 
gust load spectrum. Furthermore, the equipment or 
test procedure needed for varying amplitude tests is 
more complicated or troublesome than for S-N testing. 
In view of these pros and cons it is believed that there 
is a need for a considerable extension of varying ampli 
tude testing, both in order to establish directly appli- 
cable design information and for checking cumulative 
damage theories. The S-.V type of testing, however, 
will most likely remain as an important basis for 
establishing generally applicable design information. 
As results from varying amplitude tests are very scarce, 
this paper deals mostly with the particular problems 
involved in transforming the results from S-.V tests into 
directly applicable design information 

In view of the preceding Section, the designer's 
problem at the design stage can be schematically 
sumunarized as follows. 

1. To analyze the structure in order to assess the 
element probability level, Px, corresponding to the 
limit life time, 7, for which the structural elements 
should be dimensioned, in order to comply with a 
desired or required maximum value of the critical failure 
rate (and possibly also repair rate). 








364 JOCRNAL OF THE 


2. To determine that load or stress level for the 
elements, expressed for instance in the fatigue factor, 
ky, which gives a probability level lower or equal to Py 


at the desired limit life. 


Topic B. Checking fatigue properties. 

When the structural design is ‘‘frozen’’, the designer 
has the possibility of checking the design, as regards its 
fatigue properties, by manufacturing and _ testing 
samples of vital and fatigue-sensitive parts of the air- 
plane. At least with the present stage of knowledge 
such confirming tests are highly desirable inasmuch as 
the general fatigue information available to-day is 
rather inadequate as a basis for the design. It is 
believed, however, that even when the designs can be 
founded on much more extensive and reliable fatigue 
information of a general kind, check tests on vital 
parts will remain as a highly important criterion, at 
least for non-redundant structures. 

For check-testing the variable amplitude method 
has some definite advantages, but as it involves a more 
expensive type of test equipment, constant amplitude 
testing at a limited number of representative load 
levels, possibly only one, is likely to play an important 
role for this purpose also in the future. 

As the vital, fatigue-sensitive parts are mostly very 
expensive, it is normally not possible to carry out check- 
testing with more than rather few samples. It is there- 
fore an important research topic to establish statistical 
methods by means of which the fatigue qualities of a new 
type of airplane can be determined as accurately as 
possible from the results of a few check-tests if possible 
in combination with how and to what extent the type 
has been designed for fatigue. In case S-N testing 
has to be made, a special research subject is to establish 
methods for determining the most efficient number and 
magnitude of load levels that should be applied to get 
the most out of a limited sample size. 

Check tests can evidently also be performed with 
complete components of the airplane, such as a wing 
or a pressure cabin. For economical reasons it is 
even less possible to carry out such tests with so many 
components as would be desirable from a statistical 
point of view. The main value of such full-scale tests 
of large components seems therefore to lie in the possi- 
bility they offer of revealing fatigue-weak regions or 
parts, other than those which were considered in the 
design stage. Another important object of testing 
complete components of redundant structures is to 
determine the redistribution of the load pattern when 
any one member has been cut off simulating fatigue 
failures in different parts of the structure. 

Also the operator's part of the fatigue problem can be 


divided into two main topics: 


Topic C. Fatigue metering. 

As has been emphasized above there is one quite 
efficient way of considerably reducing the total amount 
of uncertainty in aeronautical fatigue and that is by 
means of recording either the load history for the 
individual airplane or the damage effect due to the 
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repeated loads. Several devices have been proposed 
to meet this demand and it is believed that extended 
research and development work regarding all feasjbj, 
kinds of fatigue metering is of utmost importance, 

related research topic is of course to establish reliah} 
methods for rapid evaluation of results recorded with 


Ineters. 


Topic D. 


Careful inspection with efficient methods in order 


Inspection and repair. 


to detect fatigue cracks at as early stages as possible, 
will always be necessary, although it is hoped that for 
future types of airplanes, it will not form the mai 
basis for safety in respect of fatigue. As regards 
older types of airplanes, in the design of which fatigu, 
has not been a prime consideration, inspection is oj 
course of special significance. 

The question of the repair rate and in particular its 
increase with service life is of great economical 1m por- 
tance for the operator. Although the repair rate de- 
pends on the design, the economic consequences have 
to be taken by the operator, and for this reason the 
furthering of studies of this matter is primarily of 
interest to the operators. 

The matters of inspection and repair will be dealt 
with only rather briefly in the following, as they fall a 
bit outside the main scope of this lecture. 


!. LEVEL OF SAFETY 


4.1. General 


After this survey in general terms of the aeronautical 
fatigue problem, its main aspects will be treated quanti- 
tatively. This should logically start with a discussion 
of the level of safety to be aimed at in terms of numerical 
values of the maximum permissible failure rate for 
catastrophic failures. The discussion will be limited 
to commercial transport airplanes. 

The level of safety in respect to fatigue should 
naturally be seen against the background of the overall 
level of safety for commercial aviation. In this respect 
there are two circumstances, or commonly held opin- 
ions, that are worth emphasizing. 

One is the fact that the level of safety in civil air 
transportation has undergone a quite remarkable and 
steady improvement during the last twenty years, and 
that it has now reached a level which would seem to be 
satisfactory for any passenger with reasonable demands 
on a practically risk-free existence. The number of 
passenger fatalities per 100 million passenger-miles for 
the last two years (1952 and 1953) was only of the 
order of 1.5 on the world’s scheduled air services, and 
for the U.S.A. the corresponding figure was as low as 
around ().5. 

The other fact is that, good as these values of the 
level of safety in air transportation are, they are still 
not satisfyingly low in comparison with commercial 
surface transportation, in the first place by railroad 
During the years 1950-1952 the rate of fatal passenger 
accidents counted in fatalities per 100 million passenge™ 
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miles was, in the U.S.A., about 2.5 times as high in the 
air as on the railroads, and in Europe the ratio was as 
high as 6.3. This does not seem too unsatisfactory, 
but as Tye has pointed out in reference 12, the passenger 
is probably more interested in the risk per journey, and 
sssuming the average air trip to be about 10 times as 
long as the typical train journey, the risk per journey 
would be considerably greater in the air than in the 
train. This, in combination with the fact that the 
hance of survival in case anything serious happens 
is much less in an airplane than in a train, seems to 
iustiiy a mostly subconscious but probably rather 
common feeling on the part of the general public, that 
commercial surface transport is still considerably safer 
than commercial flying. Although this opinion, in 
view of the excellent safety record obtained in air 
transport, particularly in the U.S., seems exaggerated, 
it must be considered as an important reality, because 
public opinion is the very foundation for the profitable- 
ness and expansion of commercial aviation, regardless 
of whether or not the opinion is justified by statistical 
facts. 

At this point it might be worth while to dwell a little 
on the question of level of safety versus economy. 
Now and then one encounters a more or less vaguely 
expressed Opinion that an increase in the safety of air 
transportation, were it possible to accomplish, to a level 
at which practically no fatal accidents would occur, or 
even to the same level as that of the railroads, would 
result in a prohibitive increase in the cost for transport 
by air, due to reduced payload, and increase in the cost 
for the ground organization. This kind of thinking 
seeins to be based on a feeling that there would be a 
contradiction between safety and economy in air 
transportation, implying that the problem would be to 
find an acceptable compromise satisf ving both demands. 
The author believes that such thinking is not only 
dangerous, but incorrect, as it is difficult to imagine 
any more efficient way to improve the profitableness of 
aviation than with a marked raising of the safety level. 
Of the millions of people flving to-day, a considerable 
number, possibly the majority, hardly give the risk of 
flying a thought, but no doubt a substantial part of the 
passengers balance the gain in time against a feeling of 
risk. There are also undoubtedly m Ilions of potential 
passengers who never fly at all, due to this same feeling. 
A safety record equal to, or better than, the railroads’ 
would most certainly result in an enormously increased 
demand for air transportation, and the only limitation 
to meet it would be the pace with which the facilities 
in airplanes, ground equipment and personnel could be 
Briefly stated it is believed that there is no 
better Way to improve economy than to transport more 


expanded. 
people by air, even if improved safety —for instance in 
would necessitate a certain increase 
m structure weight —1.e., decrease in payload. 

. Thus safety in aviation should be put in a class by 
itself far above all the economic considerations in the 
limited sense of “block-to-block economy,’ and the 
author is convinced that this is being done by most 
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people seriously engaged in the safety problem. There 
might, however, be sone differences in the views as to 
the best policy to follow in order to improve still 
further the safety record in civil aviation. A natural, 
and in a way rather sound, approach is to concentrate 
on those accident causes, which are responsible for 
the most common of the serious occurrences and devote 
somewhat less attention to the less frequent causes of 
accidents. For instances, errors made by pilots and 
other personnel seem to be responsible for about 50-75 
per cent of all the accidents, whereas lack of airworthi 
ness only causes some 10-25 per cent, and of this latter 
category only a small fraction is caused by structural 
deficiency.'? The said trend of opinion would con 
sequently imply a concentration on attacking the 
operational causes and a feeling that safeguarding the 
structural airworthiness would be less important. 
The author believes, however, that this ‘‘rule of propor 
tionality’ should be somewhat modified by applying a 
‘scale of excusability”’ and this opinion is based on the 
observation that the public, more or less subconsciously, 
does discriminate between different causes of accidents. 
To exemplify this from the field of transportation by 
private cars, everyone knows that collisions between 
cars do happen and that they are probably impossible 
to prevent altogether, and it is furthermore commonly 
accepted that engines do stop now and then and that 
some trouble with mechanical pieces of equipment will 
always be inevitable. The reaction of the car-owners 
would certainly be of quite another and much more 
severe nature if structural failures of automobiles be- 
came a rather common source of fatal accidents. 


Likewise, the public might feel that some causes of 
air accidents, such as a collision with a private plane 
flying carelessly, failures of engines and other pieces of 
machinery, extremely bad weather conditions and 
some types of human error, are, if not tolerable, at 
least understandable. Failure of the primary structure 
itself, however, is probably regarded as inexcusable, in 
the first place, because the public might rightly think 
that it should be possible to design a non-moving con- 
struction so that it can withstand all loads occurring 
in commercial flying, and secondly, because a failure 
of the main structure, for instance the wing or the 
pressurized cabin does not normally give the passengers 
any chance of survival in contrast with most other 


serious types of air accidents. 


In the author's opinion there should moreover rightly 
be some differentiation between static and fatigue 
failures, in respect of their degree of excusability. To 
encounter an excessively severe gust, for instance by 
running into a non-visible jet stream, can happen, 
without being possible to prevent or being anyone's 
fault, although the probability of such occurrences 1s 
so utterly remote that it ought to be ignored by the 
public. A total collapse of the wing due to fatigue 
damage when flying in fine and moderately bumpy 
weather, approaches the kind of happenings which are 


not excusable under any circumstances. 
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In conclusion it might be said that when, as at pres- 
ent, failures of the main structure quite naturally con- 
stitute only a very small part of the accidents, it is 
vitally important not only to maintain this proportion, 
but also to work energetically in order to reduce the 
occurrences of such failures, and in particular of fatigue 
failures, to a level where they are practically unheard of. 


4.2. The Acceptable Failure Rate 


If the views expressed above are accepted, it would 
seem that the target to aim at regarding catastrophic 
fatigue failures would be 100 per cent safety—1.e., the 
probability of failure, and the failure rate, would have 
to be zero for all types of commercial transport air- 
planes. To limit the probability level to zero, how- 
ever, is not necessary in order to achieve the goal of 
making fatal fatigue failures ‘“‘practically unheard of,”’ 
and it certainly would make the statistical treatment 
of the related problems rather difficult. As further- 
more aiming at zero probability of fatigue failure 
would result in very heavy structures, it seems sufficient 
to decide upon a very low, but finite figure for an 
acceptable failure rate. To fix this value is an im- 
portant matter of such a nature that it should prefer- 
ably be handled by the various National Authorities, 
and by ICAO. 
feels that the acceptable failure rate should be fixed at 
such a value that no more than one catastrophic failure 


Asa preliminary suggestion the author 
aA 


can be expected during one or two generations—1.e., 
in a period of about 30-60 years. 

In 1953 all the world’s scheduled services available for 
statistical records, reached a total of 1,170 million plane- 
miles flown.'* Assuming the average block speed to be 
around 200 m.p-.h., this would correspond to about 6 
million flight hours. During the last three years the 
increase in miles flown was around 10 per cent, whereas 
the average block speed seems to have been increased 
by about 4 per cent per year, which would mean that 
the increase in flight hours has been approximately 6 
p r cent per year during the last few years. If we now 
try to look into the future for a period of about one or 
two generations, and if we dare to assume that the 
annual increase in commercial] aviation, calculated in 
hours of flight, will be maintained at about 6 per cent, 
we will find that from now on a total number of 10° 
hours will have been completed in slightly more than 
40 years. The critical failure rate is thus preliminarily 


suggested to be fixed at 
Pea = 10- 


This value might possibly seem to be unduly low, 
but it should then be pointed out that working to this 
failure rate cannot be regarded as a guarantee that not 
more than one failure will occur in 10° hours of flight. 
Statistically seen, the said failure rate only implies 
that if a considerable multitude of 10° hours were flown, 
the number of failures that could most likely be ex- 
pected would be 10~° times the total flying time. In 
10° hours the number of failures might be zero, but it 
might also be 1, 2 or 3, or even more. If we really wish 
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to accomplish the task of practically preventing catas 
trophic fatigue failures, the author maintains that th, 
above value of F., is of the correct order of m Lgnitude 
As this entire topic, however, will probably be 

unsettled question for some time to come, it might } 
pointed out that the equations and methods present 
in the following are of a general nature, and that ap 
other numerical value of the critical failure rate can } 


applied. 
>». THe Gust Loaps 


5.1. The Gust Load Equation 


The well known equation for the acceleration iner 


ment due to a gust 1s 


147 pa AV.U 

An = : 
2W/S 
with symbols as given in Chapter 2. 

Due to the obvious fact that this equation is vali 
both for the static gust load case and for any current 
gust, certain rather simple relationships can be derived 
if the loads or stresses caused by any gust are related t 
those loads or stresses, which correspond to the pre 
scribed “limit” gust of 50 ft./sec.* Such a procedure 
however, only seems to be of significance when the 
limit gust load factor is equal to or greater than th 
limit manoeuvring load factor, which does not always 
apply. Furthermore, the said procedure seems 
render more difficult a general treatment of the effects 
of over-dimensioning of a structural element as well as oi 
the conditions when speed and weight differ from th 
design values. 

To obtain a clearer picture it seems preferable t 
relate the varying loads, due to gust, to the maximum 
ultimate static load factor, whichever load case deter- 
mines its value. The gust sensitivity of the airplane 
can obviously still be expressed as the gust load factor 
In order to have to deal only with one load factor, the 
maximum one, and thus avoid confusion, it seems prel 
erable to express the gust sensitivity in a relative wa\ 
This can be done by defining the ‘‘relative gust sensi- 
tivity factor,”’ v, as the ratio between the acceleration 
increment in the static gust load case (l’ = 50 ft. sec 
for the airplane considered and that value (1.5) for this 
increment, which applies for transport airplanes having 
such a gust sensitivity that the ultimate gust load 
factor just reaches the value, 3.75. 

With this approach, the following equations are 


easily obtained: 


| Se v a 
= = — = 0:03» l L4 
Ba k, * N pR4a®a 
Sm = Ln i , = Siu he = Wm nN pk { IS 


* This value of the limit gust is in accordance with the ICA 
requirements.'* In Civil Air Regulations the limit gust 5 
prescribed to be 30 ft./sec. but the alleviation factors are define 
in different ways so that the two requirements are virtually th 


same 
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where 
= relative load or stress amplitude 
= absolute load amplitude 
L, = absolute ultimate strength of element 
S$, = absolute stress amplitude in element 
§. = ultimate stress in element at failure 
= relative gust sensitivity as defined above 
— yltimate design load factor in the most 
critical static load case 
= “fatigue factor,’ which at the same time 
is a measure of the static margin of safety. 
subscript A denotes an increase in area 
= f(w), factor representing the effect on s, of a 
weight reduction, expressed by w = II” IVp, 
the ratio of actual airplane weight to design 
weight 
= |’, Vep, relative equivalent airspeed 
= equivalent vertical gust velocity, ft. sec. 
= relative mean load or stress 
L,, = mean absolute load or 1g load 
S,, = mean absolute stress or lg stress 
= f(w), factor representing the effect on s,, of a 
weight reduction, w. 
The relative gust sensitivity can be calculated from 


= L.4¢ pak Vp (19 


~ 0.03 X21, S 
where 


p) = Standard air density at sea level, slugs cu. ft. 

= slope of wing lift curve, per radian 

K = alleviation factor 

S = wing area, sq.ft. 

The gust alleviating factor, A, in Eq. (19) might mean 
either F, as defined in the ICAQO-standards,'* or A, as 
defined in reference 16. In both cases A is a function 
of the wing loading, but the variation in A due to 
reduction in all-up weight for a particular airplane can 
usually be considered as negligible. 

It is sometimes of interest to introduce the concept 


of the ‘‘element load factor’’" 


RaNp wm = 15 (20 


ts = 1. /t. 


In case the fatigue factor, &4, as well as the factor w,, 
ire 1.0 


Ne = Ap = Lup/Ln (2] 


where Ly is the required ultimate design strength in 
the critical static load case. 

The effect of a weight reduction on s, and s,», is de- 
pendent on a number of parameters, such as the original 
relative wing weight, u, the distribution of the wing 
weight in relation to the wing lift distribution, how the 
weight reduction is distributed between wing and the 
rest of the airplane and the location of the element 
under consideration. 

In Figs. 10 and 11, w®, and w,, are presented for a 
structural element located close to the fuselage on the 


tension side of the wing. The curves are valid for a 
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few typical values of the important parameters, as 
explained in Fig. 10. 

It should be pointed out that the above equations 
are only valid for the ‘“‘rigid bodv"’ case. The change in 
the loads and stresses due to dynamic response can 
be quite appreciable.'»'’ As, however, the dynamic 
response can hardly be treated quantitatively in a 
general way, it will be the designer's task to account for 
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any significant deviation between the basic rigid body 


case considered above and the dynamic conditions. 


The concept of the relative load amplitude, s,, the 
relative mean load, s,,, and the fatigue factor, k4, are 


significant and practical to use in the design stage, 
“Topic A,’ when the structural element has to be 
designed so that it meets both static strength require- 
ments and desired fatigue qualities. When, however, a 
structural element or component, after design and 
manufacture has to be checked in respect of fatigue, 
“Topic B,”’ its ultimate strength, might be of a some- 
what secondary interest, at least when it has been found 
at the design that a large fatigue factor, k4, implying a 
large static margin of safety, is necessary to apply in 
order to attain the limit life aimed at. Thus the 
plotting of the test results to determine the endurance 
curve might just as well be done in absolute values 
e.g., in tons or in stress, defined in one way or another. 
It might, however, be of some value to relate the load 
amplitudes to the mean load applied in the tests, be- 
cause this will widen the applicability of the endurance 
curves for general treatments. This defines the 
“comparative load amplitude,’’ which from Eqs. (17) 
and (18) can be expressed in the form 

a? ntti 2% (22) 


fa 
| ies Sm WaWm 


An advantage with this parameter is that the number 
of variables has been reduced, as the fatigue factor, k4, 
and the ultimate design factor, 7p, have vanished. 


5.2. The Gust Load Spectrum 


During the last two decades gust load data have been 
accumulated at an ever-increasing rate. At present a 
considerable number of transport and other types of 
airplanes are equipped with recording equipment of 
various kinds in order to extend the knowledge of the 
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turbulence of the air as well as the gust intensity spec 
trum on different routes and operational conditions 
The results obtained have been published in a consider. 
able number of reports and have been reviewed ; 


29 


comprehensive articles.”" Therefore this side of the 
aeronautical fatigue problem will only be dealt with t, 
the extent necessary for meeting the purpose of thjs 
paper. 

In Fig. 12 some gust spectra in the form of summatio; 
curves have been selected from various sources??~” j) 
order to obtain an overall picture of the general ap. 
pearance of the curves, their variation with altitude and 
their spread due also to other reasons. The figure 
shows the gust spectra in the coordinates Ul’ ft./se 
and loz //, [7 being the number of gust cycles, in || 
miles, equal to or greater than l’. From this figure it 
can be seen that the total spread in the results is of th 
order of a factor of nearly 20 for altitudes up to 10,000 
ft. and about 1,000 if the curve for altitudes above 30.- 
000 ft. is taken into account. The only practical way 
of introducing gust load data in the fatigue picture is 
obviously to define a “‘basic gust spectrum curve” or 
function which is fairly representative for certain over 
all conditions. Once such a basic spectrum has beet 
determined, a second problem is to evaluate the effect 
of any, predicted or measured, deviation from the basi 
spectrum in actual flight. 

Taylor** has presented an average gust spectrum 
curve for airplanes flying up to 12,000 ft., a curve which 
has also been used by Chilver.** This spectrum, which 
is a Straight line in LU vs. log /7 coordinates, will be the 
“basic” spectrum in this paper, on which the numerical 
calculations are being based. The curve is marked “L 
(low altitude) in Fig. 12. Any straight line is defined 
by the two intersections with the axes (1, U,) and (Ji, 
Q). For the basic spectrum these points are (1, Uy = 
36.1) and (Hy = 3.16 X 10°, 0). 

The assumption of a straight line relationship in UL’ vs 
log J] might seem to be unduly on the unsafe side as 
most of the spectrum curves are bent upwards very 
markedly at higher gusts. It is believed, however, that 
the error introduced by using the straight line is negli- 
gible, in the first place because the relative fatigue 
damage due to the so rarely occurring gusts above 
around 25 ft./sec. is usually very small. It might also 
be said that it seems probable that progress in meteoro- 
logical knowledge and instrumentation enabling still 
better planning of the operations in order to avoid 
regions of highly turbulent air, might lead to a flatten- 
ing out of the upper parts of the curves making the 
slope of the L-line more representative in this range. 

Regarding the lower end of the basic curve, or aly 
other straight line, it might be mentioned that this part 
cannot represent accurately the real conditions in the 
atmosphere, as the nunber of extremely small gusts is a 
rather undeterminable matter. The intersection of the 
L-line with the abscissa at JJ), should therefore be 
understood as a point for the definition of the line. 

Any straight gust spectrum line in U vs. log H call 
be transformed to a corresponding basic gust load spec: 
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trum by using Eq. (17) for the determination of the 
relative load amplitude, sqi, corresponding to U), and by 
.pplying the HI) value valid for the gust spectrum 
see Fig. Expressed in a form convenient for the 
pplication of the cumulative damage theory, the equa- 
tion for the gust load spectrum is 


log JT = log I) — s,h log e (23a) 


i= ig” (23b) 


where //) is equal to //,, for the basic gust curve, and h, 
the slope of the line, 1s 
NpRsw, log Hy 


h= (24) 
0.03 wloge Ll, 


For the basic gust spectrum and with mp) = 3.75 and 
w,, vandv = 1.0 the slope is 
hy = 51.8 (25) 


For any gust spectrum curve parallel with the basic 
curve, the slope / for the load curve can be expressed in 
the form 

N pRawa P ; 
hy = 13.8 = 51S kay (26) 


vv 
where k, ;, a fictive value of the fatigue factor, is 


N pwWa 


Ray = a ee k, 
O.40 VU 


In order to predict the change in gust spectrum, and 
gust load spectrum, for operations at higher altitudes, 
the ascending and descending stages of the flight must 
be taken into account. In Fig, 12 the curve H has 
been calculated under the assumption that the opera- 
tional height is 30,000 ft. and that, on the average, 
one-third of the distance is covered during the said two 
Stages together. It was found that this curve, H, is 
very nearly parallel to the basic curve and is dis- 


placed a factor of about 6 in H. 


6. P-S-N-INFORMATION 


6.1. General 


As pointed out above an important part of the general 
information needed by the designer must consist of, or 
rather be based on, results from .S-N tests. In order to 
be directly applicable for this purpose, S-N tests must 
comply with the following conditions: 


|. The sample size must be so large that the results 
can be treated statistically so as to enable the designer 
to design the structural elements for the required life 
corresponding to a certain probability level of the order 
of 0.01 to 1 per cent, this Px-level being dependent 
mostly on the intended type of construction. A strict 
application of this condition would mean that for each 
load level the sample size must have a magnitude of 
about the inverse value of P. 


2. The test specimens must be made of material 
of the same specification as for the material to be used 
in the actual structure. 

3. The tests must be carried out under practically 
the same loading conditions as are typical for the actual 
structure in service, with the exception, of course, that 
constant amplitude loading implies a deviation from 
the actual type of loading. This means for instance 
that for applications to wing structures the tests should 
be run with a series of constant mean loads of repre- 
sentative orders of magnitude. The relative mean load, 
Sm, Should thus be within the approximate limits 


mys 


0.27 and 0.135, corresponding to ky values between 


o— 


1.0 and 2.0 and mp = 3.75. 

For pressurized cabins the tests should normally have 
the lower load limit, s,,;,, equal to zero. 

1. The test specimens should, irrespective of their 
size, be geometrically representative of the elements 
intended for the design, so that there are no appreciable 
differences in stress concentrations. 

5. The test specimens should not differ too much 
in size from the actual structural elements. 

6. The sample of test specimens should be manu- 
factured to tolerances very similar to those which are 
worked to in the normal production of the structural 
component in question. 

Although a tremendous amount of S-N testing has 
been carried out in the century-old history of fatigue 
research, there are, to the knowledge of the author, 
extremely few, if any, published test results which 
comply with all these conditions even for rather con- 
ventional types of design. There is therefore an urgent 
need for extensive S-N testing of specimens, which 
should be as representative as possible of the types of 
design likely to be used by designers. It must, how- 
ever, be borne in mind that there is a practically infinite 
number of conceivable design principles and detail 
shapes and sizes of elements, applicable for instance to 
wing structures. Consequently it will probably never 
be possible to accumulate S-V results to such an extent 
that a designer normally will be able to base a new de- 
sign directly on available information of an adequate 
nature. In other words, regardless of how much S-.V 
testing is carried out, the designer in most cases will 
have to apply some kind of methods to interpret or 
transform the available test results so that they can be 
applied to a particular design. A substantial part of 
the research efforts should therefore be directed to find- 
ing means for evaluating deviations in respect of the 
six viewpoints listed above, between available test re- 
sults and actual conditions for predictable types of air- 
craft structures. This means that such factors as the 
influence of the mean stress or other representative 
loading parameters, the notch effect or stress concen- 
tration and the size effect, should be subjected to exten- 
sive investigations. 

In general it can be stated that the more we know 
about these effects in a quantitative or, if possible, in an 
analytically graspable way, the more will it be possible 
to reduce the number of types of specimens with which 
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endurance tests have to be carried out-—i.e., the more 
will the applicability increase of any series of S-N tests. 
It should, on the other hand, be emphasized that the 
uncertainty rapidly increases with the magnitude of the 
deviations between the experiments and their applica- 
tions in design. The safest and most profitable way is 
therefore to conduct the experimental research on 
specimens with stress concentration factors and other 
geometrical or structural peculiarities of such orders of 
magnitude or detail shape, respectively, that the de- 
signer can in most cases apply the information by 
means of interpolation rather than by extrapolation. 
This in the first place applies to notch effects, the in- 
fluence of which, to a large extent, should be studied by 
testing specimens representative of structural elements 
as used in practice. There is, of course, also a need for 
extended research aimed at relating the notch effect 
to the qualities of the unnotched material. Although 
such a more “‘basic’’ approach might be profitable in 
the long run, it has the disadvantage that the scatter in 
fatigue results is often found to be greater in uunotched 
than in notched specimens. This means that the basis 
itself, applicable for a particular design from which 
values should be extrapolated, by means of some em- 
pirical method, would be rather uncertain, which im- 
plies, for one thing, a great difficulty to determine the 
scatter in the fatigue qualities of a notched element, to 
be designed, from the (still greater) scatter found in the 
test results for the unnotched specimens. 


In respect of the size of the specimens, however, the 
main part of tests intended for design information will 
probably have to be carried out with smaller sizes than 
those normally of interest to the designer. Conse- 
quently an extrapolation of the design information will 
usually be inevitable in this respect. This makes ex- 
tended research on the size effect for various types of 
loadings and specimens necessary, but when more in- 
formation is obtained it is probable that this source of 
error will be rather insignificant. 


Regarding the necessary sample size it might be 
said that only in exceptional cases such large sample 
sizes as the inverse of the element probability—-.e., 
often 1,000 specimens or more, can be tested at each 
of a number of load levels, say from 5 to 10. A very 
important object of fatigue research is therefore estab- 
lishing methods, in particular in order to find out to 
what degree and with what accuracy important statis- 
tical parameters can be assessed with a smaller sample 
size than that directly corresponding to a certain P- 
level. 

In this connection it might be pointed out that it 
cannot be taken for granted that the scatter in the 
fatigue qualities of the actual elements in the structure 
under the real loading conditions is the same as the 
scatter in the S-N tests made in laboratories. The 
normally much greater tolerances for the elements in 
production airplanes would tend to increase the scatter, 
but on the other hand other factors might tend to 
decrease it, for instance higher stress concentrations. 
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It is essential to account for all such factors. To find 
methods for this is another important research topic 
In order (1) to facilitate the establishment of methods 
for evaluating discrepancies between test results an¢ 
all the actual conditions in the structure, and (2) 4, 
enable assessment of P-levels beyond those direct) 
attainable in the tests, it is important to devote ‘i 
search work to finding relationships in the first plac 
between the quantities P, S and N, where S represents 
the loading at constant amplitude tests. Whenever 
this loading is determined by two components, for 
instance s, and Ss», the investigations should be ex 
tended to cover all the four variables—-i.e., P, s,, 
Such investigations might 


Sm and 
N for wing structures. 
preferably be split up into the two topics, studies of th 
S-N relationship, in particular for the mean values oj 
test results, and studies of the scatter. 

For the benefit of those who are not familiar with 
statistical concepts, a brief survey of some of the more 
definitions and equations will 


important statistical 


first be given. 


6.2. Some Statistical Concepts 


In order to enable a mathematical treatment of th 
scatter in fatigue tests, it is necessary to introduce a 
suitable distribution function. The most common on 
is the Gaussian, or the so-called normal distribution oj 


the statistical variable x 


where x5 is the median value (which is identical with 
the mean value at symmetrical distributions) and 
the standard deviation of x. The x-value correspond 
ing toa probability level P is obtained from 
Xp = X59 — Upo (28 
where l’p is the normal deviate, which is tabulated 
most statistical textbooks.'® |! 
In S-N-testing it has been found that a ‘“‘log-normal 
N usually fits the results with good 
accuracy When the two parameters 
(log N);) and o are known, it is thus possible, by appl) 
ing Eq. (28), to calculate the N-value corresponding t 


distribution of 
1.e., x = log N. 


any P. 

The main criticism against the log-normal distribu 
tion seems to be that the lower limit, P = 0, gives V = 
0, whereas tests with large sample sizes show a tendenc| 
towards a lower limit V > 0. Partly in order to over 
come this drawback Weibull? ® has proposed the fol 


lowing distribution function 


P=1-e 


where NV = JN, corresponds to P = 0. This function 
has three parameters, a, Np and ,, which, of course 
makes it more adaptable than the normal distribution 
For small P-values (P < 10 per cent), the expressio 


takes the simpler form 
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This function may also be used for approximating 
parts of the log-normal distribution with reasonable 
yecuracy. 

The advantages and disadvantages of the two types 
of distribution functions will not be discussed in this 
paper. It might suffice to state that they yield essen- 
tially the same results, unless an extremely low prob- 
ability is required. In the following applications the 
log-normal distribution will be used unless otherwise 
stated. 

\s the sample size is never infinitely large, the distri- 
bution function should, strictly speaking, not be con- 
tinuous. It may be approximated, however, by the 
above mentioned continuous functions. The standard 
deviation of a limited sample size is denoted by s, 
which will in this paper be given a suffix indicating the 
statistical variable considered. 


2x" — (Z2x)*/n 


Sy = (30) 
\ n— | 
In some cases the coefficient of variation is of inter 


est. 
Vy Wk (31) 


Both the mean value and the standard deviation 
computed from a limited sample size are subjected to 
some errors. NXp-values calculated from the above 
Eq. (28) will also be uncertain. This uncertainty can 
be treated mathematically by introducing the concept 
of confidence, which will be briefly explained in the 
following. 

As an example it is assumed that a small sample of 1 
test specimens are chosen at random from a very large 
population and tested at a certain constant amplitude 
level. The mean value, (log V), and the standard de- 
ViatiOn Siva are computed. The same procedure is 
then repeated, at the same amplitude level, testing each 
lume new specimens, until the whole population has 
After calculating the mean value 
of the whole population it will be found that the mean 


been investigated. 


values of the small samples are in about 50 per cent of 
the cases higher than the true value. For one sample of 
i specimens the probability that the mean value, or 
the 50 per cent value, is too high, is thus 50 per cent. 
rhe same is true for values corresponding to P = 10, 
The probability that only P per 
cent of the specimens fall below a computed value 


|, 0.1 per cent, ete. 


log V) pis commonly called “‘the confidence coefficient”’ 
and is denoted y. Usually it is necessary to use a value 
of y which is appreciably higher than 0.5 in order to 
be able to draw some conclusions, with a higher degree 
ol certainty, from a particular test series which in- 
cludes only a small number of specimens. 

The concept of confidence is clearly applicable for 
any statistical variable. For the normal distribution 
the following procedure can be used for calculating 
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xp with a certain confidence y, when # and s, are ob- 
tained from the test series. 


Vp = r —- Rps 2) 
where 
kp = (Up + V Up? —ab)/a_ (valid for y = 0.5) (33) 
a = 1— U,?/2(n — 1) 


b = U,p* — U,*/n 


lp and UL’, are the normal deviates corresponding to 
Pandy. If y = 0.5, U, = Oand kp = Up. 

In Figs. 13 and 14 the factor kp is shown as a function 
of n for P-values from 0.0001 to 50 per cent and 4 
0.90 and 0.95, respectively. 

If the true value of the standard deviation, a, ts 
known for any variable relevant to fatigue tests, such 
as log N, S or log S, Eq. (32) can still be used but the 
factor kp will then be smaller. It would obviously be 
of considerable advantage if it, by means of accumulated 
experience, were found that the standard deviation in 
any of these variables could be predicted with a high 
degree of certainty for typical structural elements and 
types of loading. Schott** has recently treated the 
confidence problem in connection with fatigue tests 
under the assumption that the coefficient of variation, 


v, is known. 


6.3. The S-N-Function 


In this section the endurance or S-.V-function will be 
treated without reference to any specific probability 
A number of authors have suggested various 
One of the sim- 


levels. 
equations for the endurance curve. 
plest, which as a rule represents test results with good 
accuracy has been applied by Weibull.*’ It can be 
expressed in the form: 


N+ B= a(S — E£) +4 34) 
where 


i is the endurance limit 

B is a parameter, which must be taken into account 
for the left-hand, downward concave, part of the 
curve (the part to the left of the inflection point), 
but can be neglected for the right-hand, upward 
concave, part 


c 


and @ are parameters which must often be ascribed 
different values for the two parts of the curve. 
For the fatigue of airplane structures due to gust 
loads, the damage caused by the high loads cor- 
responding to the left-hand part of the endurance 
curve, is usually negligibly small, and then this 
simpler form of the equation can be used 
N = a(S — E)~? (35a) 

The equation can also be written in two other ways: 

log (S — E) = log 6 — clog N (35b) 
and 


S=b6bN‘°+E (35c) 
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where 
c= 1/8 (36 
p= a! ®> = a ora = 0! (37) 


In the form (55c) this endurance function has pre- 
viously been proposed by Palmgren.** 

It should be observed that the numerical values of the 
parameters 6, a and / are dependent on how S is de- 
fined. In this paper S is normally defined as the rela- 
tive load amplitude, s,, or as the relative maximum 
load, Snaz- The endurance limit 1s then denoted s,, or 
Smar rE, Tespectively. 

A convenient way of obtaining the parameters 8, « 
and /: is by calculating them from S-values correspond- 
ing to three values of .V, for instance V = 5 X 10+, 
o X 10° and 5 X 10°. 
formulae are easily derived from Eq. (35¢ 


For these values the following 


c= loz (AS,/AS2) (3S) 


( | = =) 39 
AS» AS; 


l l 
E = Ss; yx 1 — [ ( = ) (40) 
AS» AS, 
where 
AS; = Ss x 190: — 53 x 10 
AS: acd S5 x 108 — S; x 10 
f = the antilog of c log (5 X 10° 


The S-values can be obtained by graphical inter- 
polation between the test values in a usual S-log .V- 
diagram. The the particular 
N-values used above is that the maximum damage 
intensity for gust loads normally occurs within the 
range .V = 5 X 10% to V = 10’ (compare Table IT). 
Any other three .V-values, differentiated by factors of 


reason for choosing 


10, and corresponding S-values can be used. 

It is also possible to determine the parameters 3, « 
and F by graphical methods, as will be evident from 
the diagrams of the following section. 


6.4. Different P-Cases 


Weibull has recently found® that in a number of 
applications the parameter c is independent of the prob- 
ability P. When this is the case all the P-S-.-curves 
will become straight lines in the co-ordinate system 
S vs. NV“ according to Eq. (35¢c). This observation 
has led Weibull to define two specific cases, (A) and (B) 
given below, for which the different P-curves satisfy 
certain conditions in respect of the variation of the 
scatter along the S-.V-curve as defined by the param- 
A number of other P-cases can also 
definable 


eters b,c and FE. 
be defined. The 
might be of particular interest. 

Case A: 6 and ¢ are independent of P, while / 
This implies that the standard deviation in S 


following simply cases 


varies. 
is independent of .V. 
Case B: c and F are independent of P, while } 


varies. This implies that the standard deviation in 
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log (S — E) is independent of .V and the standard «& 
viation of log .V is independent of S. 

Case C: 6 and E 
The coefficient of variation in log .V is ind 


are independent of P, whik 
varies. 
pendent of S. 
Case D: 
viation in log .S, and thus the coefficient of variation }; 
This implies that the rat; 


¢ 1s independent of P, the standard 


S, is independent of .V. 
between the S-ordinates for various P-curves is eo 
stant, thus for instance 


Sp/ S39 = constant 


Case E: [his is 


special case of both B and D. 


I = Oand c is independent of P. 
The standard deviatio: 
in log S is independent of .V and the standard deviatio; 
of log .V is independent of S. 

In order to find out which, if any, of these cases js 
applicable, plotting in the following co-ordinate systen 


16 


/4 


2 


10 


—— ' eee 


% 





can be used: 
(a) log S versus log .V 
(b) log (S — Esp 
(c) log (S — Ep 
(d) S versus .V~ 


versus log .V 
versus log .V 
where /3) is the endurance limit for the mean cur 
and Fp the endurance limit for the P-curve under cor 
sideration. The 
order in which plotting should usually be done in order 
In Fig. 15a—15d the fou 


above sequence also indicates th 
to identify any of the cases. 
methods of plotting are illustrated. 


The following comments concerning the cases and th 





illustrations might be of interest: 

(a) log S versus log N. | 

A family of P-S-N-curves will not usually display | 
any marked regularity in this plot. If, however, the { 
curves are straight and parallel lines, the special case ! 
is valid. If the curves are not straight lines, but are 
constant distance apart in the ordinate direction, case | 
is valid. Furthermore, for any particular P-curve 
appearing as a straight line, kp = 0. 

(b) log (S — Eso) versus log N. 

By trial and error that value of /;) should be deter 
curve to a straight line. The extent to which this suc 
ceeds is a measure of the accuracy with which the basi 
As the | 
nl} 


function, Eq. (35) is valid for the mean curve. 


cases D and E have been investigated by plot (a), « 
the and C further investigation 
Case B is valid if all the P-curves are straight and paral- 
lel. If the lines are straight and their extensions inte! 
sect each other at log V = 0 case C is valid. Case 





cases A, B need 


might be valid if the P-curves, except the mean curve 
are not straight. 

(c) log (S — Ep) versus log N. 

If all P-values fall on a single straight line, case A § 
If the curves of the family are straight an 
If at the sami 


valid. 
parallel, case B or case D may be valid. 
time the curves in plot (a) have constant displacement’ 
from each other in the vertical direction, the validit 
of case D has been finally established. If the P-curves 
are straight but not parallel, this in the first place onl} 
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proves the validity of the basic S-.V-function for all the 
P-curves. 

(d) Sversus N 

This plot is of interest for all cases for which the pa- 
rameter c is independent of P—.e., cases A, B, Dand E, 
for which all the P-curves will appear as straight lines. 
The plot does not in principle reveal anything not ob- 
tainable by the three other methods, but it might be 
practical to try this plot before plot (c), after the value 
of cs) has been obtained from plot (b). The plot (d) 
is of an appreciable interest in the first place, because it 
gives a further check on the validity of any particular 
P-case and secondly, because the diagram includes 
N = © which enables direct determination of LF. 
Case A is valid if all the P-lines are parallel and case B 
if they all intersect at V = ©, and S = Fy. 

It should be pointed out here that it is doubtful 
whether any of these P-cases, or any other P-cases, can 
in reality be valid for more than a limited part of the 
S-N-curves. Case A, for instance, would imply that 
lines for very small P-values, at least when normal dis- 
tribution is assumed, would cut the abscissa at finite 
N-values, which of course, is absurd. Furthermore, 
case B would imply that there is no scatter whatsoever 
in the endurance limit, which also seems to be a rather 
questionable occurrence. These circumstances natu- 
rally limit the scope of validity for the P-cases defined 
above. It is believed that the concept of P-cases would 
still be of great importance provided, of course, that 
rules can be found for tying up certain types of struc- 
tural elements and loadings with certain P-cases within 
regions of practical significance. 

During the completion of this work a paper of Head*® 
has come to the author's attention. For a series of 
test results, Head has studied four P-cases, of which 
three can be defined as the above cases A, B and D, 
in a numerical way without plotting the curves. There 
is, however, usually a need for plotting the P-curves 
whenever one wishes (1) to check the validity of the 
above used (or any other) S-.V-function, and (2) to 
obtain graphically the parameters 6, c and FE. As 
indicated in Section 6.3, these parameters can also be 
obtained from any three values of the S-.-function, 
but if more than three values have been determined by 
tests, a graphical determination of at least the mean 


curve is preferable. 


6.5. Results of Tests with Large Sample Sizes 


In order to check accurately the validity of any P- 
case and to determine the parameters ), c and F it is 
necessary to have rather large sample sizes for a not too 
small number of load levels. It is therefore desirable 
to carry out S-N-testing on structural elements, which 
are typical for airplane designs, in order to find out 
whether or not any general rules or trends can be found 
regarding the type of loading and the material and de- 
tail design of the element on one hand and the type of 
P-case on the other. Once such general rules or trends 
are found, it will be possible to limit the required sample 


size. 
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Very few test results with sample sizes of a magnityg, 
required for checking P-cases are available to-day 
Only three series of tests with fairly large sample size: 
have been available to the FFA. The variation 
regards the applicability of P-cases will be briefly q, 
scribed in the following. 

1. Pulsating tension tests of threaded bolts 

These tests, which have been run at the Royal |; 
stitute of Technology, Stockholm, consisted mainly 
19 static tests and 407 fatigue tests at four differey; 
load levels. The test specimen is shown in Fig 
In all the fatigue tests the mean load was constant an 
equal to 2,205 Ibs. The test results, which have bee 
treated statistically by Weibull,” are plotted on a nor 
mal probability paper (Fig. 17). The values of log ) 
for P = 50 and 10 per cent have been plotted in Figs 
IS and 19. 
has been used, obtained by division by the mean valu 
of the static ultimate strength, 4,670 Ibs. 


In these figures the relative load amplitud 





From Fig. 18 it can be seen that the points for 50 and 
10 per cent probability fit rather closely to straight 
parallel lines with the exception of the points at th 
highest load level, where a small deviation is observed 
This deviation, however, can be explained by the fact 
that these two points fall above the point of inflectio: 
of the endurance curve (see Section 6.3). The said 
two P-lines being parallel, indicates the probability 
case E. 

In Figs. 18 and 19 probability lines have also beer 
calculated for P-values lower than those directly ol 


tainable from Fig. 17. This has been done by assuming 





a log-normal distribution, which means that the som 
what curved lines fitting the test points in Fig. 17 hav. 
been approximated by straight lines as indicated in this 
figure. In this approximation only the test results be 
low the mean values have been taken into account. 

2. Pulsating tension tests of 73S-T notched specimen 

The specimens were of 10 mm. diameter circular 
cross section and the notch consisted of a 3-mm. hole 
The investigation, which has been carried out at the 
FFA, consisted of 10 static tests and 387 fatigue tests at 
seven load levels. The mean value of the ultimate 
static strength was 94.16 kips per sq.in. For all the 





fatigue tests the lower load limit was zero. The results 
have been treated statistically in reference 35, from 
which Figs. 20 and 21 have been derived. 

The figures show that the test results fit the P-case A 
with fairly good accuracy. Also in these two figures 
probability curves for rather low P-values have bee! 
calculated, but as the sample size at each load level was 
comparatively small, the lower P-curves have bee! 
obtained by the method of pooling to be described 1 
the next section. 

3. Reversed torsion of copper wires. 

This test series has been carried out by Ravilly® au¢ 
Weibull has dealt with the results statistically.” Th 
investigation comprised 20 tests at each of ten stress 
levels. The method of testing implied a constant stra! 





loading instead of the method of constant stress loading 


commonly used. 
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The results are plotted in Figs. 22 and 23, which indi- 
cate that the P-case B is applicable with rather good 
agreement. Also for these test results the method of 
pooling has been applied, but in this instance Weibull's 
distribution function has been used, which explains that 
the curve for P = 0 is visible in Fig. 22 and is an in- 


clined line in Fig. 23. 


6.6. Pooling Test Results 


Most S-.V-testing hitherto performed at laboratories 
throughout the world has been carried out with sample 
sizes at each load level, which are much too small to 
yield determination of the mean value and the standard 
deviation in log VV with any accuracy. If, however, 
for a particular test series a certain P-case can be as- 
sumed to be valid, Weibull has shown* that in principle 
all test values at all load levels can be utilized in order 
to support the determination of the various statistical 
parameters. This method of pooling the test results 
will be briefly explained and exemplified. 

After all the test values, and the mean values for 
each load level, have been plotted in a S vs. log .V 
diagram, a curve is drawn so that it fits to the mean 
values as closely as possible. This curve can be said to 
represent the P = 50 per cent curve with a confidence 
of 0.5. 
this curve, for instance by using the Eqs. (38) to (40). 


The parameters 6, c and F are determined for 


Then, for the pooling procedure, all test values are 
excluded which are either suspected to lie above the 
point of inflection of the S-.V curves or represent speci- 
mens that have not failed. If, now, there is reason to 
assume that a certain P-case is valid, those deviations 
from the mean curve are calculated which, according 
to the definition of the P-case, should be independent of 
N. For instance, if case B or E is valid, the deviations 
in log NV are computed and from all these deviations the 
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standard deviation in log .V is obtained, whereupon th, 
different P-curves are drawn in the diagram 

If case A or D is assumed to be valid, the deviatio, 
from the mean curve of each test value in S or log § 
respectively, is calculated. These deviations yield th, 
standard deviation in S and log S, whereupon the / 
curves are obtained. The procedure is somewhat mor, 
complicated in case C, but the pooling of test valyes 
from different stress levels can, in principle, be carried 
out in the same manner as has been briefly described 
for the other P-cases. 

As pointed out, this method of pooling presupposes 
that a certain P-case can be assumed to be valid 
the sample size is small, it is not possible to ascertain 
particular P-case only by means of the test values 
There is, however, a possibility that extended researe! 
could lead to the establishment of some general rules 
which tie up certain P-cases with certain types of load 
ings and structural elements, whereby the stress cor 
centration factor might play an indicative role. At pres 





ent the available test results are insufficient to enabl 
any concrete conclusions regarding relationships be- | 
tween P-cases and types of elements and loadings t 
be drawn. 

Apart from this possibly useful application, the pool 
ing method has a definite advantageous use in order 
to support the determination of low P-levels, which 
implies an improved accuracy in the determination 
the standard deviation, provided that the sample si 
is sufficiently large for determining a certain P-cas 
This has been exemplified by the test series wit! 
As the results 


of these tests have very clearly indicated that case | 





threaded bolts described in Section 6.5. 


is valid, pooling of the test values has been made and 
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the result is shown in Fig. 24. On this distribution 
urve a quite low probability value, P = 0.32 per cent, 


sdirectly plotted and the standard deviation may thus 
be computed with a fair accuracy, enabling the deter- 
mination in particular of the curves for P 1 and 0.1 
er cent in Figs. 1S and 19 with an improved degree of 
ertainty 

6.7. Studies of the Parameters in the P-S-N-Function 

It follows from Eq. (35) that the S-.V curve is de- 
fined by three parameters (either 6, c and £ or a, 3 and 

, provided that only the part of the S-.V curve to the 
right of the point of inflection is considered. In Table 
[ these parameters valid for s,-.V OF Spaz--NV curves, have 
en listed for a number of S-.V tests carried out in 
Sweden and elsewhere.*’~ + The test results selected 
have been limited to tests with particular interest for air 
nlane design—-i.e., tests which are run with either con- 
stant mean loads or with the lower load limit equal to 
ero. For the first mentioned group the table discloses 
:mostly rather consistent trend in the variation of the 
five parameters with the mean load. It might be 
pointed out that, with the exception of test series num- 
bers 15 and 17 in the table, the sample sizes have been 
much too low to compute the parameters with a high 
legree of accuracy. 

The table also shows the standard deviation for those 
tests for which the sample size was not too sinall to 
illow pooling of the results according to the previous 
section. For this pooling the P-case D has been 
applied, which involves a rather arbitrary assuinption 
as the sample size at each load level was too small to 
prove any special P-case with any certainty. For this 
reason the tabled values of the standard deviation are, 
i course, also uncertain, but with this reservation the 
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values indicate larger standard deviation for the more 
complicated built-up elements, such as riveted joints, 
than for the simpler ones with simple notches, such as 
holes or cut-out notches. 

In order to determine whether any conformity ap- 
plies for the various parameters it might be of interest to 
plot the values in different ways. Fig. 25 shows a plot 
of log 6 over c and Fig. 26a plot of log aover 8. Fig. 25 
discloses a rather consistent correlation between the 
plotted quantities, as all the points fall rather close to a 
straight line within a fairly narrow band. The equa- 
tions for the mean line and the upper and lower bound- 
aries in Fig. 25 can all be written in the form 


log b = 3.88 c — log b (41) 


where log 4) = 0.463 for the mean curve, 0.056 for the 
upper line and 0.948 for the lower line 

Using the formula (35c) in Chapter 6.5 for the rela- 
tive load amplitudes (s, and s,z) and eliminating the 
parameter }, we obtain the following equations: 


For the mean line, s, = 0.344 (.V 7,600 + Soxz 
For the upper line, s, 0.879 (NV 7,600) ~° + Ser. 
For the lower line, s, = 0.113 (.V 7,600 + Sop. 


Each of these equations represents a family of curves 
with a certain intersection point, which, for example, 
for the mean line is s, — Sex = 0.344 and .V = 7,600. 

In Fig. 26 the corresponding values of the param- 
eters, log a and 8, are plotted. The mean and bound- 
ary lines in Fig. 25 correspond to straight lines also 
in Fig. 26, as shown by the figure. This plot indicates 
that a = 1,000 is a rather representative overall 


figure for this parameter. 
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TABLE 1. 
Details of specimens and S-N-parameters determined by tests esig! 
( 
= T T T T ee —_ + 
| | Stress j|Average | a 1ECLEC 
| con- | tensile Mean | S-N-parameters S-N curve determined Pooling- procedure Stan P 
| ee cen- | jultimate load from based on Picaina thi 
| No. 5 vies tra- | Material | Reference j|strength f— T T T T T + T t —— 
specimen | tien of the 8 b ‘ ad p a number of) number of number of number » 
| | factox |epecimen m “aE specimens) load-levels specimens load-levels "log s ‘ 
K, V | ksi - 1071 
| ae t + 4 + + + + + + + + | u 
4 
: . 0 149 . 669) 1,769 | 1.495) .165 7 
Strip with two > 0 24S-T3 oa 74.5 .134 838 . 828) 3,389 1,208; .129 12 q 
edge-cut notches a ait (Ref. 39) . . 268 2, 550 - 940) 4,233 1.064; .124 13 ? 
dies .403 | 4,770 .005} 455 -995) .12) 0 7 
= a a _— nt bs Ms A Rint! al he | os be 4 
. 0 74 . 622) 1,006 1,608) .089 rn ~ ere 
. | Strip with two aa ares gic heel .153 85 -679| (688 |1.472| .076 13 8 
v edge-cut notches | . — (Ref. 39) ? . 306 112 . 748 548 1,337] .073 é 6 
ony . 459 327 860} 837 /|1.162| .065 7 } 
—_— EE | —————— = 2 | os ES Sees eee | + 4 4 
ty) 24 488} 680 | 2.050) .080 2 1 
a és | NACA TN 160 435 809} 1,826 | 1.236) .063 ( 10 
3 oi Siatecglbcoeed 5.0 24S-T3 2390 62.4 .320 | 1,210 .921/ 2,220 | 1.086) .048 8 8 \ 
ee ee A (Ref. 40) . 400 : 7 7 ’ 
481 2 9 9 
i ‘ 0 51 509| 2,239 965 00 5 5 
J ‘ ie rence gigi “saat roe 214 210 .670| 2,914 |1.492/ .075 5 5 8 3 = ; 
drilled holes ee ‘ete (Ref 41) ¥ . 321 405 740 | 3, 327 351 | .076 16 . Thi 
— wisi . 538 136 -653/1,842 /1.531/ .072 4 5 
EE — f+ a rr ooo ——+- + — ss — + + 4 4 IN] O! 
Specimen of circu4 -.103 2.0 204 26. 4) 4.902 | .153 4 é “= 
lar cross-section | 4 9, | 24S-T =e ‘a 0 2.5 236 48.5|4.237| 139 5 7 
notched by a sa Extruded (Ref. 43) ‘ 228 5.1 301 224 |3.322/.055 4 5 6 2 
drilled hole . 559 7.0 332 35 3.012 | .013 1 4 
} | Sena + + SS — —— +— + + } 
Double shear ' 0 63 .588/ 5,827 |1.702 | .082 24 é 
riveted joint a ponte’ wii eal eae 15) 187 641 |3,492 |1.560|.018 31 7 4 2 Ith 
with loosely sient (Ref. 42) sie . 302 48 . 577 808 /1.733|.019 21 7 ) 4 63 
driven rivets ‘ . 512 13.4 .477 229 2.096 | .014 16 5 1oes n 
| a Se oe + + + —— © — | ——. . — = . + a 
0 458 778 | 2, 622 159 13 . ides 
_ | Strip with two ae alias — eae 114 608 813 | 2, 662 132 9 8 7 
; edge-cut notches = (Ref. 39) . 229 458 841 | 1,457 104 10 ( 1e CU 
were . 343 447 857 | 1,233 088 0 0 x 
eo — — : ——} - ee —— ———— — _ + + + + , lativ 
0 13.2 . 462 265 63 |.075 ) 8 
g | Strip with two re ae — may 121 377 -81811,416 223 |.053 0 7 
edge-cut notches | “ | 14 (Ref. 39) ; 242 1,133 -970]1,409 /1.031 |.029 8 é 
| , 363 3,083 10 927 |.028 6 5 
_ | it an uM | ‘= | 
) K, is based upon the net area. 
2) Unless otherwise stated, this stress is based upon the net area. 
ABLE |. - tinu 7 
Eq 
a — --— 4 ——— —-—_——_- — —__ ———— -— _ 
| i Stresa Average Moen | 
| con- tensile rat S-N-parameters S-N curve determined] Pooling-procedure | Standard 
: cen- ultimate from based on | deviation 
No, oe tra- | Material | Reference | strength a ss T T a: SEE Gee ton — = ee 
specimen tion of the a b c a P | *,¢ [number of|/ number of | number of| number of | "9, , where 
} fac tory epectiy n as pecimens |load -levels|specimens /load-levels , . 
| K ksi | | ertain 
| t | | 
- —— + - -— — - — + _ "4 ; 
| Strip with two edge NACA TN an | 1.8 - 265 8.6 3.774 oe = e | le Ol 
7 . 7 2390 77.5 9 18.2 | .539 218 1. 857 | . 037 11 10 ‘ 
jcut notches 5.0| 75S-T6 4 
. 258 48.2 | .681 295 1.468 | . 034 9 9 For 
| (Ref, 40) | ‘ 
. 387 |} 175 824 528 2s . 033 8 B | 
r ; —<—————— t >a : _ : ime 
| | Ni ( 
veted butt 75S-T FFA Report 53.1 0 | 8.4 | . 330 635 3. 034] . 060 23 ) | | ned 
a Sheet 28 based on 134 | 35.8 | .492 | 1, 435 2.032] . 052 18 7 11 62 
| — (Ref, 42) gross area . 268 | 58.6 | .586 | 1,047 1.708] . 038 27 8 | 11 4 78 
+ t - - + + - —— _ 7 . + + + 
| NACA TN 0 | 89 - 581 | 2, 26 1.720] .219 10 7 | | 
| Strip with two edge 2.0} SAE 2389 117.0 . 085 | 116 . 606 | 2,582 1.652] .214 14 8 | 
* | cut notches 4130 (Ref. 39) -171 | 118 - 609 | 2,521 1.641 | . 208 11 9 | 
Steel -256 | 118 . 609 | 2,521 1.641] . 208 9 7 | 
| T = ee z_ = T T ‘eo Intr 
Ba wae roe SAE NACA TN ae 120 ze 2,024 1.591 . 107 10 7 
2 | Strip with two edge-| 4 9 | 4130 2389 129.0 62 797 | 3,203 1,255]. 104 Section 
cut notches pba (Ref. 39) 155 | 2,020 1.011 | 1, 861 . 989] . 103 11 8 
| | 233 /3L 100 1, 204 | 5, 381 . 831] .100 8 8 1 
|__| | ae EE aaa a | | | Ls educe 
SAE is ; vu 44 .518 | 1, 464 1.932] . 083 12 11 
} | Strip with two edge - 5.0! 4] 30 NACA TN 121.8 . 082 107 . 642 | 1,438 1,557] . 082 il 1 
*” | cut notches ; Steet 2390 < 164 406 813 | 1,617 1,230] . 082 ? ? | 
| (Ref, 40) . 246 | 2,920 1,021 | 2,474 979] . 081 1 10 | 
i ; REG f i 30 7 1.421 11 | 1 | | | 
} | Strip notched by a FFA Report ; < - 108 | 2, 272 . o F . 
lis a central, drilled rae (phere 2 151.0 pet 206 - 717 | 2,675 | 1.395} . 156 8S ? , - 
| hele steel (Ref. 42) 283 1, 416 . 857 | 4,771 1,167 114 18 ¢ 8 4 ae is 
} 4 472 | 1,151 .831 | 4,821 | 1.203] .082 19 8 | where 
7 2 ‘ ae r . ee ~——--4- —_ — Mecinccl + - + 
Th ed bolt | ~ 
1s ae a ary . Steel (Ref, 37) 4670 lbs .435 5.1 . 286 298 3.497} 0 407 4 | 308 | lle See." 
see Fig. 16 = cabled | 4 : 
r — — D ®maxE t 5 
| Ganrrn 755 FFA Report 53.1 s | 15.9] .387] 1,272 | 2.584] .140 23 ¢ 17 39 see 6 
16 Riveted butt ; 75S-T 28 rs cl min | 
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Jil pcb oaihtn edt 2.0 be truded ee 4.2 awe 2.80] .179 315 5.587] 0 387 7 270 F formas: 
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t _ - 4 — —- —— — ———— = 1 “ " 4 ht 
1) K, is based upon the net area 4) The lower load limit is equal to zero. Laine 
2) Unless otherwise stated, this stress is based upon the net area. 5) The standard deviation is computed ir _ ilue S 
3) The standard deviation is computed in log N, 
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- CUMULATIVE DAMAGE AND LIFE CALCULATIONS 


\s early as in 1924 Palmgren, in connection with the 
esign of ball bearings, was confronted with the prob- 
lem of calculating the fatigue life of an element sub- 
‘ected to varving stress amplitudes. His work led him 
the proposal of the following, now so well-known, 
rmula for failure due to the action of accumulated 


igue 
Y(ni/Ni) = 1 
lere 
n, = number of applied stress cycles of a certain 
amplitude 
\ number of stress cycles for failure at the same 


amplitude 


[his equation implies that failure occurs when the 


sum of a number of ‘‘part damages” is equal to one, thus 


=D Y(n;/Ni) = 1 12 


D; 1ilure 


It has been proved experimentally that this equation 
foes not hold for an arbitrary sequence of stress ampli- 
tudes. ’ There is some indication, however, that 
the cumulative damage theory might turn out to be a 
relatively good approximation for the accumulated 
ction of repeated loads with varying amplitudes, 
provided that the higher and lower loads are well 
nin r, in other words, that the 
loading in effect is equivalent to the case where a 


limited ‘‘program unit’’ is repeated a great number of 


times. * 
Eq. (42) can be written in the form 
D = =[(—AH)/N (43 
where (— A//) is the number of gust load cycles within a 


ertain interval, As, (Fig. 27), and .V the corresponding 
life of the element. 

For an infinitesimal increment in s,, Eq. (48) is trans- 
jormed into 


ds, (44 


dll | 
ae 


ds, N 


Introducing Eq. (23b) of Section 5.2 and Eq. (35a) of 
Section 6.3, the following approximate formula has been 
leduced in Appendix A by S. Eggwertz at the FFA: 

HT, eo ee A 
D= ho" e “tT (8 + 1 (45 
Qa 
where 7, and h are parameters of the gust load curve 
see 5.2), while a, 8, and s,x refer to the endurance curve 
see 0.3 : 


The Gamma-function [(8+1) can be ob- 


tained from mathematical tables.*” 
rhe error introduced by the above approximate 
lormula, in comparison with the more accurate solution 
obtained in Appendix A, depends upon the numerical 
values of the five said parameters. In most cases the 
This problem will be treated by W. Weibull in a FFA report 
to be published 


ATRPLANE STRUCTURES 379 











4 — 

v8 

Ne) 

8 

N 

J 

2 

A 

O “ 
Oo / 2 J © £ 23 


fi9_26. Log vs ~ for specimens 
listed fr Table 1. 


As gust load 
with 


error seems to be only a few per cent. 


curves and endurance curves are never known 


great accuracy, Eq. (45) may be used for all practical 
purposes. 

If it is assumed that the above value of //) corresponds 
to a flown distance of 10° miles (Section 5.2), the life, L, 


of the structure can be obtained from 


L = 10°/D miles 


or, introducing Eq. (45) 
10° 
— WTB + 1 


 $ ah*e” a! (46 

It is rather important to know at which range of 
stress amplitudes most of the fatigue damage is created, 
as the fatigue testing should, of course, be mainly con- 











Ag 
44, 
v 
“oF” 
LOG H— LOG N— 
LOGH+4) LOG Hy for 10° mites 


L0G H , 
f19.27, Detiritiors for Chapter 7. 
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4/9_26. Domage srrersily curve. 


centrated to this range. The damage intensity may be 


written (Appendix A) 


dil | TI,h . . 
PS = = e '"*(s. — Son)’ (47) 
ds, N a 

Fig. 28 shows a typical form of a damage intensity 
curve. Calculations have indicated that for values of 
Sa, due to gusts, which correspond to NV < 10‘ the dam- 
age contribution is in most cases negligible. Some s, 
levels related to the damage intensity function in a 
specific way might be of special interest in order to find 
out whether there exists one significant s,-level, such 
that the results of testing at this single level would be 
representative for the cumulative damage due to load- 

ing according to the whole load spectrum. 
One Ss, level of interest is represented by the maximum 


of the function. 
eae: SO a Son (4S) 
The corresponding value of .V is 
) | See — er ‘B)? (49) 


As illustrated in Fig. 28 the damage intensity maxi- 
mum is usually rather close to the endurance limit. 

Another s, level of possible interest is the centroid of 
the area enclosed by the damage intensity curve 


Sac = (8 + 1)/A + Saz (50) 
N, = afh/(@ + 1)]° (51) 


In Table II values of L, Sq mar,» Nmaz, Sac and N, have 
been calculated for a number of structural elements 
using the mean endurance curves and the basic gust 
curve defined in Chapter 5. 

Finally, it may be of some interest to define a reduced 
stress amplitude, s,,, as the constant amplitude which 
would require //) (compare Section 5.2) stress cycles to 
yield the same damage as the entire gust load spectrum, 
containing /7J) total number of gust cycles. The 


corresponding value of .V is obtained directly from this 


definition 
? l 
N,/Hy = 59 
D 2 
Eq. (45) gives 
ah’e"s : 
~ 18+ 1) _ 


By Eq. (35¢) of Section 6.3, the corresponding ‘‘r¢ 
duced” stress amplitude is obtained 


Ir'(p + l ) | hcsak 
Sar = i Sak 54 
h 
where 
c= 1/8 


It can be shown that this stress level normally falls 
much below S¢ mar and usually immediate above s,, 
It therefore seems to be an open question whether this 
reduced stress amplitude is of a significant practical 
value. Anyhow, the stress level is too low to be used 
for representative constant amplitude testing. 

In order to calculate the fatigue life by using the 
common cumulative damage theory (or any other dam 
age theory) it seems reasonable to use a P-S-.V-function 
with the same P-value as the element probability aimed 
at. The question whether this method is correct and, 
if not, which other assumption should be made, ought 
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—— 
TABLE Il 
po 
Summary of calculated values for specimens according to table a 
Calculations carried out for P = 50%, a confidence of 0.50 and under the assumption that Ny = 3.75 andV\w, v = 1.0. 
T T + 
S-N-parameters | | | | ] | 
Type sd Fatigue a a a T T 1 L 
specime i | | | / N | 
-defined Sector . } . e | Ap | ®AE oa L, ok el a max max Fac c "> 2x10° | *,, 
in table ky | | | 
= : 3 | | 4 77 = eee —— st SSS eee po 
1.0 2,540 |. 940 4,188 iF 064 - 124 4.72x10, 1.0 | 144 | 2. 61x10, - 164 1. 29x10, . 127 | , 008 
, 1.2 1,970 mG 4,134 1,098 125 2, 83x10, 6.0 | .143 | 3.47x10- .159 | 1.79x10¢ 129 . 009 
1.4 1,570 . 885 4, 083 1,130 - 126 1. 45x109 | 30.7 | . 142 | 4. 50x10- ~155 | 2. 20x10, . 130 } O11 
1.6 1, 280 | - 862 4,024 1, 160 -127 7.44x10° | 158 141 |5,69x10° |.153 2.77x10 . 132 O11 
}__——— —_—_ + ———_—_+—___—_—— + nt $$ —__________4——— + 4 
| 1.0 101 |. 726 576.4,1.377 | .073 1 53x10° 1.0 . 100 18. 52x104|.119 4.01104 . 076 | . 004 
. 1,2 93 707 608. 4) 1.414 075 5 41x10. | 3.54 098 1, 26x10, |.114 6. 01x10, - 078 . 006 
+ 1.4 88 694 633.6) 1.441 075 1 72x10, | B82 -095 |1.79x10, |.109 | 8. 40x10, .079 006 
1.6 83 |. 685 633.5) 1.460 . 076 5. 38x10 35,2 -094 |2,.30x10° |. 106 1, 08x10 . 080 006 
beeen 4— —-- t ——-+ —————_,—+—________—_ —__——___—_+-—___ — _+— se 2 - 
1,0 945 |.895 2,111 1.117 | .050 7. 12x10} | 1,0 | .072 11. 53x10> . 091 7.51104 - 052 . 006 
3 1.2 725 864 2,044 1,157 | .055 | 2. 25x10¢ 3.16 | .074 | 2. 06x10, 090 | 9. 99x10, .058 006 
1.4 580 . 839 1, 967 1,192 -059 6, 61x10 9.28 | .075 | 2. 63x10, . 089 1 27x10, - 062 006 
1.6 460 815 1, 851 1.227 } .062 2.08x10 | 29,2 | .O77 |3,25x10° |.089 | 1.57x10 . 065 . 008 
}—-- + a = eae = 7T —_—_—_ a 5] T renee + —__—__——_4 
1,0 302 . 709 3, 146 1.410 | .075 1,01x102 | 1,0 - 102 5.07x10, |. 122 | 2, 38x10, . 085 .018 
4 1,2 220 676 2,918 1,479 | .075 3. 39x10, } 3, 36 -099 | 7. 36x10; | 115 | 3.42x10- . 087 } .019 
1.4 180 |.655 2,775 1,527 | .077 1, 22x10¢ | 12.1 } .098 | 1, 01x10) -112 | 4,67x10; . 090 020 
1,6 152. |.637 2,662 3.570 | O77 3.69x10 | 36.5 io } 1, 35x10" |. 108 6. 22x10 092 021 
_— —__—_4+———— +- — — —— ne ———+4 —}-——___________4 
; 1.0 5.4). 309 234.6) 3. 236 | .049 4..15x102 | 1.0 | 212 1, 85x10¢ .131 | 7.73x10> -110 , 033 
5  : 5.1]. 300 228. 4) 3. 333 . 056 2, 40x10, | 5.78 | .110 3. 93x10; - 126 | 1, 63x10/ -122 034 
1.4 4.8) .292 207.7| 3.425 | .061 1, 21x10, 29,1 | . 108 7, 21x10 22 | 3. 00x10; - 130 034 
1.6 4.5]. 286 192, 3) 3.497 | -065 | 6.02x10° | 145 | .107 1, 23x10 = | 5,12x10 L . 136 035 
}—__— —_—_—+— T +. ~-—_- —— ee —+ —_—_——+ 
1,0 83.1).610 1,402 1,639 016 4. 39x10; 1,0 | ow | 4. 03x10~ . 067 1, 84x10° .027 -016 
6 1.2 117 - 624 2, 063 1,603 016 8, 80x10) 2,01 042 7, 26x10; -058 3. 34x10; . 030 -019 
1.4 141 - 630 2, 579 1,587 .017 1. 75x10¢ 3.99 . 038 1, 11x10¢ | .053 5. 12x10; . 032 021 
1.6 158 - 632 3,013 1,582 017 2. 95x10 6.72 . 036 1,58x10 | .048 7, 28x10" 034 - 023 
}— - + $4. 4 
1.0 456 . 848 1, 367 1,179 . 097 6. 41x108 1,0 . 120 1. 18x10¢ | . 139 5.73x104 -099 . 005 
7 we 465 . 839 1, Sil 1.192 - 106 4. 28x10, 6.68 - 125 1, 68x10, ).141 8. 14x10, . 108 . 006 
1.4 496 . 831 1,753 1, 203 113 3.09x10, 48.2 - 130 2. 43x10, |. 143 1, 17x10; - 116 . 006 
1.6 527 - 825 1,991 1,212 -120 2. 47x10 385 135 3. 34x10 j- te? 1,61x10 123 . 008 
TABLE U.- Continued 
x f ie S-N-parameters | i f 
Foal Fatigue L | 
-defined siitaital » o p ®arz = ‘i Ly. =1]%a max max ® ac m. *, 2x10° as 
miles A 
a es ka | 
| H | | 4 — 
1.0 1,350 | .995 1, 400 1.005 | .028 1, 06x10? 1.0 048 | 7,36x105 | .067 | 3.68x104 | .02 002 
8 1.2 990 - 950 1,42 1,053 - 032 2.42105 2.28 - 049 1, 04x10; . 065 5. 16x10, 033 003 
1.4 817 -915 1, 523 1.093 ~ +36 6. 60x10; 6,23 - 051 1. 49x10- 065 7 34x10) 037 004 
1.6 677 . 885 1, S79 1,130 . 041 2. 08x10 19.6 .055 2.02x10 | 067 | 9.89x10 043 004 
acini | + + $$} 
1,0 51.5] .692 207.7 [1.445 | 034] 133x102 1,0 062 |5.25x10% | .081 | 2.45x104 036 004 
9 1.2 37.0] .644 272.4 1,553 034 3. 09x10, 2.32 - 059 8. 38x10, 075 | 3 87x104 037 205 
1.4 30,0 609 266.3 1,642 - 035 8. 13x10; 6.11 058 1, 34x10; 071 6 13x10, 039 006 
1.6 25.0] .582 251.4 1.718 - 035 1, 86x10 | 14.0 - 056 1, 96x10 4 068 | 8.91x10 040 | 007 
ed T T ee 
1,0 59.5] . 586 1, 068 1,707 - 038 1, 35x100 | 1,0 . O71 3. 62x10° 090 1, 65x10¢ 050 | 015 
10 1,2 55.4] .561 1,281 1.783 043 5. 55x10, 4.11 072 7 19x10¢ 088 | 3. 26x10, 059 019 
1.4 49.7] .540 1, 382 1,852 046 1. 94x10, | 14.4 072 1, 23x10) 085 5.54x10¢ | 066 22 
1,6 43.6] .520 1,421 1,923 . 049 6.71x10 | 49.7 .072 1,98x10° | .084 8. 82x10 | 072 024 
r——— + t —t — 
1,0 119 610 2, 526 1,640 . 208 1, 74101? | 1,0 . 240 7, 28x10- | 259 3. 33x10, | 225 023 
1) LZ 119 -610 2, 522 1,640 208 2.28x10,, | 43.1 - 234 9. 80x107 | .250 | 4. 48x10- | 225 023 
1,4 118 - 609 2,525 1,641 . 208 4. 64x10°~ | 267 231 1, 27x10; | ,244 | 5. 80x10, - 225 023 
1,6 [ 118 609 2,527 1,642 . 209 co | 229 1, 58x10 | . 241 | 7. 24x10" | . 226 | 023 
al 5 2" ae 
} 1.0 69,000 |1. 290 5, 637 -7752 | .100 | 7,32x10, | 1.0 185 1,47x105 | .134 | 7,70x1l0, | .101 | .002 
12 ; 4,2 26, 000 1,180 §, 537 8475 - 100 3, 08x10, 4.21 114 2 10x10, . 130 1,09x10, | 101 | 004 
1,4 11,000 1,095 4,905 9132 - 101 1. 38x10, | 18.9 114 2.67x10, » 827 1, 36x10; 102 | 005 
ae 6,000 1,031 4,619 9699 - 102 5. 08x10 | 69.4 114 3. 45x10 | - 126 | 1, 34x10 103 | 007 
T — |e 
| 1.0 5,100 1.074 2, 832 9311 | .080 2, 27x10¢ | 1.0 .098 1, 19x102 aT 6.06x104 081 | .003 
13 1.2 1, 540 - 958 2,124 1,044 . 081 7, 20x10> 3.17 . 098 1, 51x10, |} 114 | 7. 50x10, 082 004 
1.4 740 - 881 1, 806 1,135 - 081 2.60x10_ 11,5 097 2 02x10, -110 | 9, 88x10, 083 005 
1,6 430 - 822 1,599 1,217 - 081 8. 40x10 37.0 . 096 2.72x10" | .108 1, 31x107~ 084 006 
— _ _ —-+ 
1,0 1, 320 . 850 4,692 1,177 o hi? 6, 33x10, 1,0 . 140 4.03x10¢ 159 1. 96x10- 123 | 013 
4 t.2 1,040 830 4,314 1,205 ~125 4. 48x10, 7.08 . 144 4.99x10— | - 160 2. 41x10— 131 | 013 
} 1.4 850 806 4, 310 1,241 - 130 3. 04x10), 48.0 . 147 6. 71x10, 161 3, 22x10, | 137 | 015 
1,6 724 -799 3,795 1, 252 ~ 135 2.18x10 344 - 150 7. 22x10 - 162 3. 46x10 | 142 | 013 | 
4 
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to be the object of special theoretical and experimental 
investigations. In such investigations the applicability 
of the assumed cumulative damage theory comes into 
the picture. 

One important object of research in this respect is to 
establish the relationship between the scatter in life by 
life calculations based on a cumulative damage theory 
and P-S-N information on one hand and the scatter in 
life obtained by representative varying amplitude tests 
on the other. 


S. DESIGNING FOR FATIGUE; Topic A 


8.1. General 


Eggwertz’s formula, Eq. (45), makes it possible to 
present design information in forms convenient for use 
by the designer. In the first place there seems to be a 
need for design charts of two types, one more general 
and the other representing test results. In the general 
charts the various parameters of the S-N-function, for 
instance 6, c and s,z, are also parameters in the chart. 
This implies that the chart can be used for any S-.V- 
function, assumed or obtained by tests and representing 
a mean curve or any other P-curve. Thus the P-level 
itself does not appear in this type of chart. 

For the other type of charts the probability-level is an 
important parameter, whereas the S-N parameters do 
not appear. In both these two types of charts a factor 
characterizing the design should be used as the main 
variable, besides, of course, the fatigue life itself. In 
the charts presented in the following two sections the 
fictive fatigue factor, k4,;, (see Section 5.2) and the 
fatigue factor, ky, respectively, have been chosen as 
design variables. 

Besides these two types of charts, other generalized 
and more or less approximative methods can also be 
developed. In particular there seems to be a need for 
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studying more in detail the influence of the relatiy; 
mean load as well as of the stress concentration factor. 
Due to lack of test results, which are sufficiently com 


prehensive in a statistical sense, these two items haye 


been studied only rather superficially in this chapter, 


8.2. A General Chart for Fatigue Life 


Eq. (46) of Chapter 7 contains five parameters, a, 3. 
Saz belonging to the s,--V curve and JI), h to the s,-H 
spectrum. In order to enable the preparation of a chart 
for convenient evaluation of fatigue lives in miles or 
hours flown it is practical to base the chart on a certain 
“unit’’ value of a, which value has been chosen to 
a = 1,000 (compare Section 6.7). Further, the basic 
gust curve has been used (Section 5.2) with //) = //,, = 
3.06 X% 10 and &4 = & = 51:8 bu,. 
(46) gives the “‘unit life’ 


Inserting in Eq. 


317. oe 
Eo = , (51.82, )"e ma al 5 
r(e + 1 ) 


which contains three parameters, 6, S¢e andk,4;. Inthe 
general chart for this formula, Fig. 29, the upper part is 


applicable for sz = 0. Asky,;and Lo are in logarithmic 
scales, different values of c = 1/8 give a family of 


straight lines. It is interesting to note that, with 
Sak = O, an increase of k4, does not increase the life very 
rapidly if the c-value is not very low. It might, hew- 
ever, be observed that a change in k4,, implying a 
change in the mean stress, usually results in a change of 
a, 8 and s_z, and this normally causes a marked increase 
in life. 

If the endurance limit is not zero, log Ly will get an 
increment of 51.8 kasScx log e. In the lower part of 
Fig. 29 curves have been drawn for syz = 0.05, 0.10, 
0.15 and 0.20 corresponding to the said increment. By 
measuring at a certain k4,, vertically from one of these 
curves, or from an interpolated value between them, 
to a c-value in the upper part of the chart and then 
transferring the measured distance to the ordinate scale, 
the life Ly is thus obtained with the true value of the 
endurance limit taken into account. It is seen that a 
change of ky, will have a much more appreciable influ- 
ence on the life when s, has a comparatively high value 
than when s,2 = O. 

Parallel with the Ly scale is a scale 7} 39 which gives 
the life in hours if the speed is assumed to be 300 m.p.h. 

The actual life of an airplane structure can finally be 
computed from Ly by introducing the correct value of @ 
as well as the /J)-value for any gust curve parallel with 


the basic curve, thus 
L = 3,160(a/Hy)Lo (56 


Fig. 29 is valid primarily for h = 51.8 k4,. If the 
actual slope of the basic gust curve differs from this 
value, it is still possible to use the chart if k.4, is replaced 
by (see Section 5.2) 

log 1, 36.1 _ __ log Hy Eo 
= = 5.55 Ray (00 
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3.3. Fatigue Life Diagrams Based on Tests 


On the basis of some of the results presented in Table 
I, Figs. 30-34 have been derived, each of which shows 
the fatigue factor, ky, versus the fatigue life at various 
probability levels, with the application of a confidence 
coeflicient of 0.95. As it might be of some interest to 
see also how the failure rate is tied up with probability 
and fatigue life, curves have been plotted for constant 
failure rates. It might be emphasized, however, that 
it is only the critical failure rate for the whole airplane 
that is of fundamental significance and that it is the 
probability levels for the structural elements that have 
to be used for design purposes. 

It should further be pointed out that these diagrams 
have been produced in the first place in order to ex- 
emplify this type of design information. Thus, Figs. 
30-33 in particular should not be used without great 
caution for actual design, because (1) they are based on 


) the P-curves have 


insufficiently large sample sizes, (2 
been obtained by pooling under the non-established 
assumption that the P-case D were applicable, and 
3) the underlying tests were run with specimens having 
can be 


tolerances than 
Fig. 34, for 


much closer manufacturing 
worked to in economical production. 
notched 75S-T, is determined on the basis of a larger 
sample size (387 specimens) and the results have been 
pooled using P-case A, which case according to Section 
6.5 was fairly well established. Anyhow, also this 
figure is valid for the close manufacturing tolerances 
applied in the test series. 

With these reservations, Figs. 30-32 are intended to 
represent elements in a wing structure subjected to 
gust loads. The life in hours corresponds to a speed of 
300 m.p.h. The curves have been deduced by using 
Eggwertz’s formula and applying the basic gust spec- 
trum 4 in Fig. 12. It has further been assumed that 
ky k, 1.e., that the required ultimate static load 
factor is 3.75, 
being equal to unity and that the weight and speed 
In this connection it might 


the relative gust sensitivity factor, y, 


have their design values. 
be emphasized that the figures cannot be used for any 
other value of ky,, as a change in the stated factors also 
influences the relative mean load which necessitates a 
fresh calculation of the factors. 

Figs. 53 and 34 are intended for pressurized cabins. 
It has been assumed that the load spectrum corre 
sponds to the case where the plane climbs to an altitude 
at which the design pressure difference is obtained, and 
thereupon continues to fly at this altitude until the 
descent. This implies that any variations in the 
pressure difference that can occur en route are neglected. 
Additional load increments due to the effect of gusts 
on the cabin structure are also disregarded. Thus 
during each flight, it is assumed that one load cycle is 
applied. The failure rate curves in these two figures 
are valid for the assumption that the duration of flight 


is one hour. 


In order to facilitate a picture of the overall quality 
of the test specimens listed in Tables I and II and to 
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study the influence of the stress concentration factor, 
K,, the life at P = 50 per cent and ky = 1.0 has been 
plotted versus this factor in Fig. 35. A, 
fined as the ratio of maximum local elastic stress to 


is here de- 


average stress in the net section of the element. Fig 
39 confirms the well-known fact that steel is a bette 
material in fatigue than 24S-T which in turn is better 
than 75S-T, and the general trend of the influence of 
K, is also clearly indicated by the figure. 

For the evaluation of the influence of the fatigue 


factor, ky and thus the relative mean load, s,,, a dia 
gram of the type shown in Fig. 36 is useful. In this 
figure the ratio L/L,,-; is plotted versus ky. The 


figure shows an interesting and rather marked trend 
iuasmuch as it indicates that the stronger materials, 
as well as the specimens with lower stress concentration 
factors, in most cases also seem to yield a more rapid 
improvement by increasing k,—1i.e., by lowering the 
An exception from this trend is the 
It should, how 


mean stress. 
riveted joints in 75S-T and 24S-T. 
ever, be pointed out that these two joints were not 
identical, the 245-T joint being made with loosely 
driven rivets for the particular purpose of finding 
out whether the scatter could be decreased by excluding 
the influence of rivets finally formed in different ways. 
This type of joint can also be said to represent rather 
bad workmanship. 

It might be pointed out that it seems to be worth 
while, for a particular reason, to study fatigue test 
results in the form of diagrams of the type illustrated 
by Fig. 36. In order to obtain fatigue life diagrams of 
the type represented by Figs. 30-34, it is necessary, for 
attaining satisfyingly low P-levels, to apply sample 
sizes of more than 100 specimens not only at each of a 
number of different load levels but also at a number of 
different mean loads. In case extended research would 
verify consistent rules or trends as regards the course of 
the improvement in life (L/L;,=:) by increase of k4, 
this would mean that the testing at various mean loads 
could be substantially reduced, or possibly in some 


cases even be excluded. 


8.4. Design Procedures for Various Types of Design 


The use of design charts of the type described and 
exemplified in the previous section presupposes that 
the element probability level, Pz, is known. As indi 
cated in Section 3.6, Pz is usually very much higher than 
the limit probability of failure for the whole structure, 
P,, corresponding to the critical failure rate. The 
ratio between Pg and P,-—1.e., the probability factor 
cp--varies with the type of design, in particular with 
It might be possible that 
lead to the 


the extent of redundancy. 
extended research and experience can 
establishment of certain approximate rules or methods, 
by means of which cp can be determined or estimated for 
certain typical types of design. As long as this state 
of affairs has not been attained, design procedures of 
the type described in the following seem to be feasible. 
In the Figs. 8 and 9 in Section 3.6, a cross section at 
the limit life, 7,, of the family of probability curves 
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ean be assumed to include a corresponding family of 
probability curves as functions of the fatigue factor, as 
JIustrated in the schematic Fig. 37. 

In Fig. 37 the ‘element curve’ (0) corresponds to 
the probability of failure, Po, for a fatigue sensitive 
element of the structure. For wing structures sub- 
‘ected to gust loads this curve can be obtained by means 
of the general chart given in Section 8.2 or by Eq. (46) 
of Chapter 7, provided that the parameters of the S-.V 
functions have been determined for various P-levels. 
Should a fatigue diagram of the type shown in Section 
S.3 represent, with satisfactory accuracy, the type of 
design intended to be used in the new airplane, then the 
element curve can be obtained more directly from a 
cross section of such a diagram at the life 7. 

If there are a number of elements, a, 6. . ., which 
affect the fatigue life of the whole structure, it is often 
feasible to assume, as an initial approach, the same ky, 
values for all these elements. This assumption is a 
good first approximation, at least when all the elements 
are made of the same material and have about the same 
stress concentrations. The probabilities of failure, 
Py, Pw ..., may then be plotted versus ky. If now 
the structure consists of m elements and it is assumed 
that failure in one element results in failure of the whole 
structure, the probability of failure for the structure 
can be calculated by means of simple probability laws. 
If it is, for example, assumed that all the m elements 
are identical, independent and subjected to equal load- 
ing conditions, the probability for the structure to fail is 


P, = 1 — (1 — Po)” (58) 


corresponding to curve (1). For small values of mP, 
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P, =~ mP» (59 


It follows that this equation is usually applicable for 
single-spar wings, having m equally fatigue sensitive 
joints. In the case of a two-spar wing, failure of one 
spar normally implies failure of the whole wing, and 
this in some cases might also apply to a three-spar 
wing.* For these and similar cases it can thus be 
assumed that the structure is built up of g components 

* Kennedy®* has treated the case of a two-spar wing box under 


the assumption that total failure does not occur until both the 


spars have failed 
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(spars) and that each component consists of m elements 
in series. With all elements identical, the total prob- 
ability of failure is 


P, = 1 — (1 — P,)! (60) 


corresponding to curve (2), or for small values of gP; = 
gqmPy 

P, = qmP, (61) 

In a redundant 1.e., a statically indeterminate 


a certain number of components or elements 
It is assumed that 


structure 
may fail before total failure occurs. 
when at least g, components out of g, each with m 
ideutical elements in series, have failed, the whole 
structure will fail. First the hypothetical case is 
considered when the failure of one component does not 
increase the loads in the other components (curve 5) 


> _ q >q > \@ d ts 
| = | 1 (1 — | 1) (O62) 
qd. 


F ; ee q : ; , 
where the binomial coefficient ( ) is obtained from 
qi 


mathematical tables!!. 
For small values of (g¢ — q,)mP, 


P. = o) (mP,)4 (6:3) 
q 


It might be pointed out that this equation only 
yields the probability of failure of exactly g, elements. 
As failure of more than g, elements will also cause failure 
of the whole structure, the determination of the prob- 
ability for the structure to fail must include the prob- 
abilities of g. + 1 up to g failures. As the probability 
of more than gq, failures is usually small in comparison 
with P;, Eq (63) may be used as an approximation. 

The above assumption that failure of one component 
does not influence the load of the other components 
may in some cases be an acceptable approximation, 
but is usually not realistic. One way is to assume that 
the load that was carried before failure by the failed 
component is equally distributed either among all the 
other components or only among the adjacent ones. 
Normally, however, the load distribution after one 
failure, two failures and so on, should be determined 


theoretical 


rather accurately by experimental or 


methods. The failure of one component will thus yield 
new P-functions for all the elements of the structure, 
and then the P-curve (4) of Fig. 37 has to be determined. 
This problem is now being treated at the FFA, but it 
is not possible to go into details in this lecture. 

Normally an airplane is regularly inspected during 
its life time. 
certain width at the inspections and if, further, the 


If it were possible to detect all cracks of a 


inspection intervals are chosen shorter than the mini- 
mum time for the development of the crack from a 
detectable width to complete failure of the element, 
the probability of fatigue failure of the entire structure 
would be zero. Usually it might be rather difficult 


to detect all cracks at an inspection. Some cracks 
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may not be discovered until the second or third inspec. 
tion after their generation. This means that the 
effective inspection interval is longer than the nominal] 
one, which must be taken into account in a realist; 
study of the problem. 

In the case of highly redundant structures, where 
two or more failures of components can occur before 
the whole structure collapses, it is obvious that even 
very simple inspections at which only complete failures 
of elements and components are discovered, will de- 
crease the probability of failure for the structure con- 
siderably. It can be shown that the resulting prob- 
ability, P;, is approximately proportional to the factor 
(ft; T; 50) % 
7\,50 is the life of a component of m elements, curve (1), 
corresponding to P = 50 percent. As the ratio /,/7, 
is usually rather small, this factor will get extremely 


l . . ° . 
, where ¢; is the inspection interval and 


small values when g, 2 3. Inspection at short intervals 
also implies that curve (4) is no longer applicable, as 
the increase in load on the other components, due to 
the failure of one component, will only last until the 
failure is detected at the next inspection and the element 
is thereupon repaired. The reduction in probability 
caused by inspection should consequently be referred 
to a curve which is located closer to curve (3), the 
shorter the intervals are between effective inspections 

In Fig. 37, curve (5) represents the probability oi 
failure for the whole structure when the inspection, 
for instance after each flight, is 100 per cent effective 
and curve (6) the same probability assuming an inspec 
tion of realistic efficiency. Curve (6) is also called the 
limit curve, as it gives the actual limit probability level 
of the structure. If now the critical failure rate, F 
is fixed, the value of P,; for the structure can be obtained 
from P; = F,,T;. The point of intersection in Fig. 37 
between the line P = P, and curve (6) gives the 
value required, Riz. Further, Pr is obtained at the 
intersection between ky = k4g and the element curve 
(Q). 

For the design procedure thus described it was 
assumed that all the fatigue-sensitive elements were 
given the same ky values. However, to design all the 
fatigue-sensitive elements with the same k, value, 
kip, gives a minimum structure weight only provided 
that all the fatigue-sensitive elements are nominally 
identical and subjected to identical loading conditions 
As this rather seldom is the case in actual designs, it 1s 
normally possible to reduce the weight by giving the 
fatigue-sensitive elements different k, values. For 
such optimum analyses there are, in particular, two 
typical cases which have to be considered and will 
be briefly described here. 

Should the fatigue-sensitive elements be made of the 
same material and have the same reduction in fatigue 
strength due to stress concentrations, it will be found 
that a weight-saving can be accomplished by applying 
somewhat lower k, values for elements with a large 
cross-sectional area than for the smaller elements, 
implying a somewhat greater element probability for 
the heavier elements than for the lighter ones. 
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[he other typical case to be considered is when the 
jatigue-sensitive elements differ considerably from each 
ther in respect of fatigue qualities due to differences 
in material and notch effects. In this case it is obvious 
that the more fatigue-sensitive elements should be 
given higher ky values than the less fatigue-sensitive 
ones. 

Actual designs might often represent a combination 
{the two typical cases mentioned. Whatever type of 
design in this respect is used, the design procedure 
jescribed above has to be somewhat modified. For the 
determination of the kag value of any of the fatigue- 
sensitive elements, it is feasible to assume either that 

for the other elements has constant values or that 
their ky values are in a certain proportion to the k, 
value for the element under consideration. Obviously 
the procedure might have to be repeated a number of 
times before those ky, values for the different elements 
have been determined which provide the lightest 
structure 

In the above general description of the design pro- 
cedure no regard has been given to the possibility of 
static failure caused by gust or manoeuvring loads of a 
higher severity than is normally to be expected within 
one or a few inspection intervals and occurring after the 
structure has been weakened by one or several fatigue 
cracks or part failures. A consideration of this matter 
will introduce a new curve, which, wholly or partly, 
might fall above the curve (6), and thus should be used 
is the limit curve or basis for the determination of ky¢. 

Fig. 38 gives an example of a P-ky diagram includ- 
ing the curves (O) for 7; = 5 X& 104 and 10° hours and 
the curves (1) for the same values of 7, assuming m = 5 
and 10. The element curves are based on test results 
from notched 245-T specimens as evaluated in Fig. 50. 


9. CHECKING FATIGUE PROPERTIES; Topic B 


9.1. General 


The problem of checking the fatigue qualities of 
vital elements, such as joints, of a new type of airplane, 
the design of which has been completed to a stage 
enabling such parts to be manufactured, is of a rather 
different nature compared with the problem of design- 
ing for fatigue. When the design is frozen, the fatigue 
factor, ky, is “‘built-in’’ into the part, which implies 
that this factor no longer plays a very important réle 
lor the designer. Thus, the purpose of checking the 
iatigue qualities of elements is not to establish the 
required value of k, but instead to determine, as accu- 
rately as possible, the fatigue life corresponding to the 
element probability level, Pg. It is, of course, desir- 
able that the check tests verify that this life of the 
component agrees as closely as possible with the life for 
which the part was designed. 

The main difficulty with check testing is that for 
economical reasons normally only a limited number of 
test specimens of the vital parts in question can be 


tested. It is therefore of great importance that the 
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check tests are carried out in such a way that the fatigue 
life corresponding to a normally rather low element 
probability level can be determined. This means that 
the limited number of test specimens should be used in 
such a way that not only the mean value of the fatigue 
life but also the standard deviation can be established 
with reasonable accuracy. From this point of view 
varying amplitude loading, corresponding to an assumed 
load spectrum, has the advantage, as compared with 
constant amplitude testing, that the whole sample of 
the specimens can be used for testing at one and the 
same loading Another with 
varying amplitude testing for the purpose of checking 
fatigue properties lies in subjecting elements, with the 


condition. advantage 


same geometry and with the same tolerances as the 
actual elements produced for the airplane, to loading 
conditions similar to those anticipated in service, 
which, of course, for one thing reduces the uncertainties 
due to the insufficiently known effects of cumulative 
damage. 

Constant amplitude 
certain advantages for check purposes. One is that 
the equipment needed is much simpler and cheaper. 
Furthermore it might be pointed out that there is a 
definite advantage in carrying out tests with the actual 
elements with the same type of loading, mainly of S-.V 
type, as is used for establishing the design information 
on which the design of the element was based. For 
these two reasons it is felt that S-.V testing should be 
used also for checking fatigue qualities, although in the 
future the main bulk of check testing might be made 
It might be 


testing, however, has also 


by means of varying amplitude tests. 
added, that such constant amplitude testing with 
actual elements could be regarded as an important 
link between designing the elements, at least partly, 
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on P-S-N information and the final checking of the 
qualities by means of varying amplitude testing. 

This chapter will only deal with check testing by 
means of S-N tests, firstly because the evaluation of 
results from varying amplitude tests does not offer 
any particular problem as such results should directly 
vield the determination of the fatigue qualities of the 
element, and secondly because published results of such 
tests with actual elements of airplanes, or elements 
representative for airplane structures, are so scarce 
that they are hardly possible to analyze in a more 
general way. 

In order to profit as much as possible from the limited 
number of tests in case of S-.V testing for check purposes 
it is obviously of great importance that the tests are 
carried out at such a number of load levels and at such 
magnitudes of these load levels that the results obtained 
can confirm as accurately as possible that the fatigue 
properties aimed at in the design stage also have been 
attained, or else indicate any deviations from the in 
tended fatigue properties. The method of defining 
the limit life as the life to a certain low probability 
level, implies that the determination of at least the 
approximate location of the corresponding P-.S-.V 
curve, within a significant range of the load level, is 
of even greater importance than is the determination 
in a more exact way of the course of this S-.V curve. 
Thus there is an optimum number of load levels at 
which a certain limited number of test specimens 
should be tested. This matter is worthy of special 
study, but as a preliminary judgment it might be sug- 
gested that when the total sample size is larger than 
about 20, at least three load levels should be applied. 
When the sample size is anywhere between 6 and 20, 
the test should be confined to two levels, and when the 
sample size is less than about 6, all the specimens should 


be tested at one significant load level. 


9.2. A General Chart 


From what is mentioned above it follows that in the 
design of general charts for the evaluation of check 
tests, the relative load amplitude, s,, often is not the 
most suitable way of expressing the test results. Ab- 
solute values of loads or stresses can of course be used, 
but for general studies, applicable for various materials, 
“the comparative load amplitude,” /,, defined in 
Section 5.1, seems to have some advantages. The 
endurance function then takes the form 


N = all, — lar) 8 (64a) 
or 
le =" + lip (64b) 
where 
b; = (npks/wm)b (65) 
a; = b,? = (nmnka ‘arm Pax (66) 


laze = (npoks/wm) Sek (67) 
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The value of the parameter c, and 8 = 1/c, is inde 
pendent of in which terms the amplitude load is ex 
pressed. 

Consistently the gust load curve 

HT = Ie" "" 6S 
where 


w log [Ty 


= : 64 
0.03 vv L, log e 
For the basic gust spectrum 
Ww 
h, = 13.8 (70 
vu 


Eq. (46) of Chapter 7 can now be written in the form 


105 ga e 
ze : ajhyPe het (71 
WM V(p + 1) 
Ii this life is related to the value a, = 1,000, and 


further the basic gust curve is used and w/w = 
the following unit life is obtained, which only contains 
the two parameters, 8 and /,,z, 


917 
Ola 813.8 1,, 


Lo = d.8 ¢ 
r(s + 1) 


This equation has been used for the design of the 
general chart, Fig. 39. In comparison with the general 
chart in Fig. 29, Section 8.2, Fig. 39 has the advantage 
that the influence of the endurance limit, /,¢, can be 
directly determined. 

The real life, 1, in miles, is obtained by 


P . a 

L = 3,160 
Hy 
This equation is, however, valid only for w/w = 
and for the slope of the basic gust curve. It 1s, 0 
course, possible to design a more complete general 





issulm 
] 


tained 


rhe 
curve 


i( nit wi 


9.3. A 
Witl 


relativ' 
intensi 
r the 
lifferet 
ther p 
I]. It 
the fat 


straigh 
itilized 
ipplica 
the spt 
It has 
urve a 
S} read. 


fan et 


general 
ir the | 
to failu 

parti 


iS da me 


paramet 


as bee I 


| ible I 


particul 


he gene 


lagram 


d tot 





inde 


IS €X- 
(ON 


09 


form 


and 


tains 


’ the 
neral 
itage 


n be 


neral 





FATIGUE LIFE OF AIR 


hart which includes a parameter by which the influence 
j variations in w/vv and the slope of the gust curve can 
he determined. 

[he parameters a, 8 and /,, will normally have to be 
determined by check tests at three or more levels of 
load amplitude. They can be computed by Eqs. 
18). (39), and (40), if /, is inserted for S. 

If the check tests have been limited to two /oad 
wels, Inv, and /,y,, and the endurance limit, /,z, 1s 
sumed to be zero, the following equations are ob- 


tained from Eqs. (64b 


log jaw, log fix me 
c= : : ‘4 
log .V. — log .V; 
log b, log lay, + c log Ve 79) 


The life in miles is then obtained either from the 
curve [ay 0 in the general chart, Fig. 39, or from the 
following simplified formula 

10° 


L= (h hy)? 70) 
INT (8 + 1) 


9.3. An Empirical Diagram for Two Load Levels 


With reference to Chapter 7, it seems likely that the 
relative load amplitude at the maximum of the damage 
intensity, s should be of particular significance 
or the fatigue life. In order to investigate this matter, 
lifferent ways have been tried of plotting the life and 
ther parameters for the test results condensed in Table 
ll. It was found that if the ratio between the life and 
the fatigue factor, L/k4, is plotted versus the product 

, all the values fall rather consistentiy around a 
straight line as shown by Fig. 40. This fact could be 
itilized for the design of a diagram with a rather wide 
ipplicability, if a factor could be found which governs 
the spread of the points in relation to the said line. 
It has been found that the slope of the s, vs. log .V 
urve at the amplitude level sy » 0; 1s significant for the 
spread. The said observations have led to the design 
fan empirical diagram at which, however, the product 

has been replaced by the product R4Sq 2510! 
The reason for this replacement is that, although 

only contains two S-.V parameters, 6 and Syz, it 
imnot be determined with good accuracy without 
testing at three load levels, and if three-level testing is 
lade, the life can be directly determined by using the 
general chart, Fig. 39, in Section 9.2. Another reason 

r the replacement is that the load level corresponding 
to failure at 2,000,000 load cycles, has been attributed 

particular significance by Walker’? and Chilver.* 
is a measure of the slope of the s, vs. log N curve the 


parameter 
As. = Sa Bx10. — Sa 2 10° 


has been used. By ascribing the different values from 
lable II, plotted in log (LZ k4) versus R So 210°, their 
particular As, values and by means of cross plotting, 
the general diagram Fig. 41 has been designed. This 


‘agram is directly applicable for the case v, w and v 
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equal to 1.0 and mp = 3.75. For other values of these 
parameters the diagram can be used by proportioning. 

In order to check the validity of this diagram all the 
lives listed in Table II, which are calculated exactly 
by Eq. (46), have been plotted in Fig. 42 versus the 
corresponding values obtained from Fig. 41. Fig. 42 
shows that all the points are falling rather close to the 
15°-line. Most of the points are within a band of 
+ 20 per cent from the said line, which band is indicated 
in the figure. 

It can thus be concluded that Fig. 41 might be used 
with sufficient accuracy for rough estimation of the life 
of a structural element when the two points of the 
S-N curve corresponding to 5 X 10° and 2 X 10° cycles 
to failure are known. It might be pointed out that, al 
though Fig. 41 has been based on computations from 
values valid for P = 50 per cent, it has been found that 
the diagram is also applicable with good accuracy for 
other P-S-.V curves. 

Turning back to the question of the significance of a 
structural part being able to withstand 2 & 10° load 
cycles, it might only be mentioned that Fig. 41 indi 
cates that the slope of the s,-curve is a factor that can 
hardly be ignored 10 establishing relevant fatigue cri 
teria. For determining this slope it is necessary to run 
S-N tests at least at two load levels. 

Finally it might be mentioned that it is of course dif- 
ficult to choose the two load levels so that failure, at a 
2 X 10° and A 


If the chosen load levels give 


significant P-level, occurs at .V 


oe 4 10°, 
fatigue lives, which differ appreciably from these values, 


respectively. 
the diagram, Fig. 41, cannot be applied. 


9.4. An Approximate Formula and Diagram for One Load 

Level 

For the evaluation of test results obtained from 
fatigue testing at only one load level, it is feasible to 
give a specific value to one of the three parameters in the 
S-.V-function and to apply a known or an assumed rela 
tionship between the two others. 

When it is a question of low probability levels, 
notched elements and construction in light alloys, only a 
small error is usually introduced by putting s,, 0 
By applying further the empirical relationship between 
6 and ¢ according to Eq. (41) in Section 6.7, the follow 


ing equation is obtained: 


-log Sax log b 


log N, 3.SS 


where .V, is the number of cycles corresponding to the 
single load level s,x,, tied up with a certain P-level. 
The life in miles is found by applying Eq. (46) in 


7.09 X 10° (i) 
L = 78 
1,T(8 — ] h 


For ‘‘the basic gust curve’’ the life is 


2,400 (BS 
L, = 79) 
r(e + | b 


Chapter 7. 
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This equation has been used for the design of the dia- 
ram in Fig. 43, which is valid for the mean line in Fig. 


». 


The life for any gust curve parallel with the basic one 


og 
5 
») 


is obtained from 


i 3.160 xX 16 L, (80) 
[Ty 

For other slopes of the gust curve the diagram is 
usable by introducing k,,’ instead of ky, according to 
Eq. (57) in Section 8.2. 

Finally it might be mentioned that the diagram in 
Fig. 41 of Section 9.3 can, of course, also be used for 
evaluating test results from one load level, if only a 
certain value of As, is assumed to be valid. The use of 
Fig. 41, however, presupposes that the chosen load level 
is rather close to the value giving 2 X 10° evcles at 
failure and at the P-level under consideration. 


10. FATIGUE METERING: Topic C 


10.1. General 


In order to study the atmospheric turbulence as well 
as the magnitude of loads imposed on an aircraft by 
gusts and manoeuvres, acceleration and strain recorders 
have been used since before the Second World War.°* * 
Such instruments, until recently, were exclusively in- 
tended for research aims. Some types of these instru- 
inents incorporate a paper roll or a glass cylinder, on 
which the accelerations or the strains are recorded. 
By this method the course of the loads is obtained in de- 
tail but the number of man-hours required to analyse 
the records and transform them to gust or load histo- 
grams is considerable. For the purpose of collecting 
statistical data the most 
NACA V-g recorder. This apparatus was, in particu- 
lar, suitable for recording the mostsevere loads occurring 
during a substantial flying time, the many lower loads 
In order to enable 


well-known device is the 


not being possible to distinguish. 
large scope load data, covering also the great multitude 
of lower load levels, to be collected in a simple way, a 
counting accelerometer was designed by G. Gustafsson 
at the FFA in 1942. The apparatus functioned fairly 
well, but due to our limited research capacity it was not 
possible to develop the instrument to such a high de- 
gree of perfection that it could be offered as a research 
tool for general use. A few details about this counting 
accelerometer have been presented in reference 26. 

In Australia another counting recorder, a_ strain 
counter, was developed,” and this counts the number 
of times the strain, at the point where the device is 
located, exceeds a series of specific values. This strain 
counter is of an electronic type as it incorporates a 
series of switches which make contact at predetermined 
levels of strain, a series of relays of the thyratron type 
and a corresponding number of electronic counters. 
Another strain cycle gage with electronic counters has 
been developed by Jasper. 

In particular the continuously recording accelerom- 
eters have played an important role, in the first place in 
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order to increase our knowledge of atmospheric tyr. 
bulence, and this undoubtedly will remain an importan; 
research field for.a considerable time to come. As jt js 
inevitable, however, that individual airplanes operat 
under widely different conditions, there is also a need 
and in the author’s opinion a more urgent need, for 
Slight instrument, as distinct from the types of research 
instrument mentioned, which should be mounted 0; 
each individual airplane and record, in one way 
another, the history of loads that a particular uirplan 
has been subjected to. A ‘‘cumulative fatigue damay 
recorder” for this purpose was proposed by the author 
in the discussion following. Wills’s lecture at the Secon 
International Aeronautical Conference in May 194 
(see reference 57, pp. 397-400). This recorder was pr 
posed to include a set or “‘package”’ of test specimens 
with stress concentrations representative for those | 
fatigue-sensitive parts of the primary structure. Th 
intention was, further, that the specimens should by 
subjected in advance to various degrees of fatigue by 
using normal fatigue machines, so that the specimens 
after having been mounted in the airplane, could be 
expected to fail at a series of certain percentages of the 
fatigue life of the airplane. 

Two ways of applying the loads on such packages oi 
specimens by using the airplane as a fatigue machin 
have been studied at the FFA. First the possibility 
was studied of bolting the package of test specimens toa 
member of the structure, the strains of which are repre 
sentative for the loading of fatigue-sensitive parts at 





other places of the airplane. It was found, however 
that it is extremely difficult to attach the package to the 


structure in such a way that the specimens really are 


being subjected to a load history representative for the 
airplane. The reason for this is that the specimens are 
being loaded by the elongation (or compression) of the 
structural member to which the recorder is attached 
This implies for one thing that a rather high load in the 
structural member can easily cause the yield stress of the 
specimens to be exceeded, which would result in too low 
loadings of the specimens under the subsequent part 0 





the life of the airplane. This serious drawback can, al 
least in principle, be overcome by a spring so arranged 
that it cuts off all the strains above the magnitude 
which would cause yielding of the specimens. The 
fatigue damage corresponding to such high loads would 
then, of course, not be felt correctly by the test spec! 
mens, but this error could possibly be either neglected 
or compensated by making the specimens slightly mor 
fatigue-sensitive than critical parts of the primary struc 
ture. A more serious difficulty is the extreme care that 
must be taken in attaching the package of specimens 
the structural member and in designing the whole r 
corder in such a way that all the specimens, during the 
whole service life of the plane, have loads applied t 
them of the intended levels and, furthermore, that thet 
load levels do not change appreciably when some of tht 
specimens have failed. All these difficulties and draw 
backs with the principle of using the airplane structur 
as a fatigue machine for the specimens in the damagt 
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Fic. 44. The FFA strain counter. 
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recorder led to the idea of loading the specimens by 
means of the accelerations imposed on one or on a num- 
ber of weights. The weights should be suspended in a 
balance system which magnifies the load on the weight 
to a level suitable for the loading of the specimens. 
With this method of loading, however, the apparatus 
becomes rather heavy, and another draw-back is that it 
is difficult to eliminate or compensate for the very low 
natural frequency of such a system. This latter dif- 
ficulty can possibly be overcome by means of damping. 

However, there still remains a serious difficulty with 
this type of fatigue damage recorder, regardless of how 
the specimens are loaded, and that is the great scatter 
in the fatigue life, that must be expected also in the 
specimens. This scatter can be appreciably limited by 
locating the stress concentrations, for instance holes, in 
a row along the length of the specimen, but even then 
the scatter will be so large that it would be necessary to 
have at least 5 to 10 specimens for each percentage of 
the limit fatigue life of the airplane. As this would 
imply quite a considerable total number of specimens in 
the recorder, this would become a rather heavy and 
bulky apparatus. The weight could naturally be de- 
creased by limiting the recording to very few per- 
centages, possibly only one, for instance at 90 per cent 
of the limit life. Then, however, the device would no 
longer be a fatigue recorder indicating the progressive 
damage. It would merely become a prewarning device 
in the more limited sense and would hardly have any 
obvious advantages in comparison with an efficient 
system of crack-detection wires.” 

In spite of all the difficulties discussed, the author 
feels that continued research should be devoted to the 
development of fatigue damage recorders of this type, 
because there are a number of very marked advantages 
with the principle of indicating the progressive damage 
in a structure by subjecting to fatigue loading repre- 
sentative strips of the same material as used in the struc- 
ture. 

Regardless of the ultimate success of such research, 
there also seems to be good reason to apply the idea of 
using a simple and light counting accelerometer, not 
merely as a research tool but as a flight instrument, or 
‘‘a fatigue meter,’’ that in principle should be installed 
in every airplane. This idea was proposed by Taylor 
in reference 24, and a number of laboratories and in- 
strument firms are known to have been working during 
the last few years on different types of counting ac- 
celerometers, some of which already are available on the 
market. 

Regarding this type of fatigue meter, however, it 
might be pointed out that the fact that the airplane is 
not a rigid body might cause unduly large discrepancies 
between the ‘‘acceleration history’’ recorded by the 
accelerometer and the load history at the different 
fatigue-sensitive parts of the structure, for instance at 
various spanwise stations along the wing. This is the 
main reason why the author feels that recording the 
strains in representative parts of the structure is in prin- 
ciple a more relevant method of measuring fatigue dam- 


AERONAUT 


PCAL SCTENCES-—/I UNE, 1955 


age. The above-mentioned proposals of strain re. 
corders with electronic counters and additional elec. 
tronic equipment seem, however, rather complicated 
A simpler way of counting the number of strains at 
different levels would be to use the strain in a directly 
mechanical way for actuating a number of purely ia: 


chanical counters. 


10.2. Mechanical, Strain Actuated Fatigue Meters 


The first application at the FFA of this method was 
a mechanical strain counter which counts the number of 
strains of different levels in very much the same way as 
a counting accelerometer counts accelerations of dif 
ferent magnitudes. A model of this strain counter js 
shown in Fig. 44. It has been tested rather extensively 
in the laboratory and appears to function satisfactorily 
Such an instrument could replace counting accelerome- 
ters, but as it can be mounted on almost any structural 
member, such as a bulkhead in a pressurized cabin or a 
stabilizer, a strain recorder has a wider applicability 
than an accelerometer. Needless to say, the instru 
ment should preferably not be mounted on any of the 
fatigue-sensitive parts of the airplane, because the ob- 
ject of the instrument is to record the load history of the 
complete structural component, or a main portion 
thereof. The mechanical strain counter can, of course, 
be used both as a flight instrument and as a research 
tool. If it is used as a flight instrument, the strain 
levels to be counted could be limited to something be- 
tween four and six levels. For use as a research instru- 
ment—.e., in particular for studying the atmospheric 
turbulence and the dynamic response of various parts of 
airplanes—almost any desired number of positive and 
negative strain levels could be counted by incorporating 


a sufficient number of counters. 


The possibility of another application subsequently 
came to the author’s mind, namely the replacement of 
counting the strains at different levels by an integration 
of the corresponding fatigue damage. In such a fatigue 
meter, or ‘‘fatigue clock,’ the S-V curve for the most 
fatigue-sensitive part of that structural component, to 
which the fatigue clock is attached, is inserted or built- 
a set of screws 


in into the instrument by adjusting 
The fatigue clock is not limited to a certain shape ol 
load spectrum, as it automatically integrates the dam 
aging effect of all the loads causing damaging strains 1 
the structure, irrespective of the frequency distribution 
of the loads or strains. The sum of the fatigue damage 
is read off directly from one single dial. This instru- 
ment is, of course, a typical flight instrument as it con- 
tinuously shows how much of the limit fatigue life 1s 
used up at any time during the operational life of the 
airplane. 


11. INSPECTION AND REPAIR; Topic D 
This highly important topic will be touched upon only 
in two respects, which are consistent with the general 


scope of this paper. 
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The first point to be made is that inasmuch as inspec- 
tion is playing such an important role in safeguarding 
against serious fatigue failures, the development of 
methods and means for efficient inspection is one of the 
most important research aims. In particular it seems 
desirable to develop automatic warning devices, such 
as crack-detection wires,***®’ in order to minimize the 
depende nce on the human factor. 

In respect of repair it has been mentioned in Section 
3.6 that the extent to which repairs have to be made in 
order to replace parts which have suffered cracks or be- 
come fractured, might impose an economical limitation 
on the life of the airplane. In the first place this possi 
bility has to be considered for highly redundant struc- 
tures which are designed with a high element probabil 
itv, Pr. 

In order to enable a computation of the repair rate, 
defined as the number of replacements during a certain 
time interval, it is feasible to study the average number 
of failures of structural elements in relation to time. 
When the element curve (0) (see Sections 3.6 and 8.4) is 
known for all fatigue-sensitive elements, a, b, c, ... in 
the structure, the average number of element failures is 


obtained as 
M = Pu + Po t Po t+... (N1 


In the case where all the elements are identical and in 


dependent, this equation takes the form 


lJ = mqP (S2 
where 
mg = the total number of identical elements 
P, = the probability of failure during the time 7’ for 


one element 


Fig. 45 shows the average number of element failures 
versus life in hours for a structure consisting of various 
numbers of identical elements. The diagram is based 
on notched 24S-T specimens as specified in item 5, 
Table I, and is valid for an assumed speed of 300 m.p.h. 

From diagrams of this type the repair rate, expressed 
in for instance number of repairs per 100 hours of flight, 
can be evaluated. It is, however, not the number of 
repairs that is the governing factor but instead the cost 
of the repairs during a certain time interval. This only 
implies a broader definition of the concept of repair 
rate. The judgment of what could be considered a 
maximum tolerable repair rate in this wider meaning 
lies, of course, primarily with the operator, although it 
naturally is a question that should be taken into account 
when designing the airplane. 


12. FATIGUE REQUIREMENTS 


Both the ICAO Standards and the civil air regulations 
in some countries have contained requirements or 
recommendations regarding fatigue for about nine 
years. During this time they have undergone slight 
modifications but basically they have had essentially 
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the same scope and implication as that of the re- 
quirements valid to-day. 

The current ICAO Standards! are formulated as 
follows: 


“3.11 Fatigue Strength 

The strength and fabrication of the aeroplane shall be such 
as to ensure that the probability of disastrous fatigue failure of 
the aeroplane structure under repeated loads anticipated in 
operation is extremely remote. Where a type of construction is 
used for which experience is not available to show that compliance 
with the other Standards of Chapter 3 will ensure the strength of 
the structure under repeated loads, its strength under such loads 
shall be substantiated so far as practicable by suitable investiga 
tions 

Note 1 
sive fatigue failures can be readily detected by inspection in time 


With certain types of structure, incipient or progres 


to avoid disastrous fatigue failure or serious reduction in strength 
Note 2 


stress concentration is suspected will assist in showing satisfactory 


Fatigue tests on parts of the structure where high 


fatigue strength. The magnitude, and the number of repetitions 


of the loads resulting from gusts, manoeuvres, ground loads and 


vibration, will need to be assumed.”’ 


Obviously these Standards can hardly be considered 
to be of assistance to the designer as they are only given 
in qualitative terms. This is, however, in a way under 
standable, as our knowledge about all the complex as 
pects of aeronautical fatigue is still so inadequate. Al 
though this was even more the case some eight years ago, 
the author, at the Second Session of the PICAO Air 
Worthiness Division, 1947, made a rather specific pro 
posal of formulating the fatigue clause in the Standards 
in an explicit and quantitatively determined way.” 
The implication of this proposal was that a ‘“‘limit life”’ 
should be established for critical components of the 
primary structure and that fatigue factors of safety 
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should be applied to ensure that fatigue failure of such a 
component were prevented during this limit life. Two 
factors of safety were proposed, one on the magnitude of 
the applied loads and the other in the number of load 
cycles—i.e., on lifetime. It was suggested that the 
order of magnitude of the two fatigue factors should be 
1.2 for the load-based factor and 2 to 3 for the time- 
based factor and that the exact magnitude of the two 
factors might depend upon the reliability of available 
information as regards load spectrum and variation in 
the fatigue qualities of the structural parts as well as the 
extent to which fatigue tests are made. The proposal 
was not agreed upon, which, however, was not a big 
surprise in view of the lack of knowledge about the 
fatigue problem and considering that the interest in 
aeronautical fatigue was rather moderate at that time. 

During the eight years which have elapsed since the 
said proposal was made, an enormous amount of re- 
search has been conducted on all the main aspects of 
fatigue in aeronautics. In particular the statistical 
nature of both the applied loads and the fatigue proper- 
ties of structures has been explored and better under- 
stood. We should therefore be in a much better posi- 
tion to-day to make a sound judgment about the ques- 
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tions (1) whether or not official specific fatigue requir: 
ments or recommendations ought to be made, and (2 
the terms in which such requirements should be ey 
pressed. The last item will be discussed first because jt 
is only if appropriate terms for expressing the require 


ments can be found that there are any prospects of 


getting a more general approval of proposals for official] 
requirements, be they of a national or an international 
scope. 

To begin with a few words might be said about the 
concept of factors of safety for fatigue. Besides the 
proposal reviewed above, a number of similar sugges 
tions have been made lately regarding such factors of 
safety. Walker®! has proposed a factor of 1.25 on the 
alternating load—41.e., on the gust spectrum —and 
factor of 1.5 on life, the latter factor being defined by 
stating that the ‘‘safe minimum’ of the cycles should be 
3 of the logarithmic mean value of the 
Shan- 


calculated as ° 
endurance for a number of tested components 
lev’ has advocated the use of a load-based factor of 
safety for fatigue of 1.25. 

Superficially seen there appear to be some good 
reasons why the safety against fatigue failures should 
be provided by a load-based factor of safety. Firstly, 
such a factor would seemingly be more consistent with 
the load-based factor of safety, 1.5, on the static limit 
load, and its numerical value would be of the same order 
of magnitude. Secondly, it has been observed by many 
scientists that the scatter in stress at S-.V testing is very 
much smaller than the scatter in number of load cycles, 
which implies that the scatter would seemingly be 
easier to cover by a load-based factor than by a time 
based one. On the other hand there are some definite 
advantages in applying a fatigue factor on time due to 
the fact that life is the significant concept for fatigue as 
was emphasized in Chapter 5. 

In order to clarify the question of whether the safe 
guard against fatigue failure should be established by a 
factor of safety on load or on life (or else be provided 
in any other way), it is necessary to decide on a criterion 
for a correct or at least appropriate definition of such 
factors. If the concept of the critical failure rate is 
agreed upon as the basis for safety considerations in re 
spect of fatigue, it seems logical to use the failure rate 
also as the criterion for judging the feasibility of fatigue 
factors of safety, defined in different ways. This means 
that the definition of a factor is in principle more appro- 
priate the closer a certain numerical value of the factor 
can yield the same maximum failure rate for different 
types of design and different limit lives. 

The relationship between the critical failure rate, 
various levels of probability of failure and some factors 
of safety is illustrated by the schematic diagram, Fig. 
16, which corresponds to the type of chart exemplified 
in Figs. 30-32. Fig. 46 thus shows the static strength 
as a function of lifetime for the simple case of a statt- 
cally determinate wing structure having only one fatigue- 
sensitive element, if it is furthermore assumed that no 
inspection is made. The static strength is expressed 
simultaneously in terms of the fatigue factor, k, the 
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static factor of safety, 7,, and the element load factor, 
ne. The shaded heavy curve indicates the static 
strength, or structural area, required in order to comply 
with both the static load requirements and fatigue life 
demands, the latter being expressed in terms of the 
maximum permitted or critical failure rate, F.,.. Up to 
the (‘static’) life 7, the static requirements determine 
the cross-sectional structural area necessary. For 
longer lifetime fatigue considerations necessitate an in 
crease of the area. This increase can be divided into 
two parts, R450 and j,, as marked at the vertical inter 
section of the curves at an assumed limit life, 7,. The 
part defined by the factor &45) is a measure of the extent 
bv which the area has to be increased if there were no 
scatter, in which case the fatigue qualities could be 
repres¢ nted by the curve for 50 per cent probability of 
failure. The factor R45) is thus not a factor of safety 
compare Section 3.2); it should rather be considered 
is representing a “‘limit”™’ condition, which in a way 
corresponds to the limit static load. 

The other part, j,, of the increase in area necessary to 
provide a certain limit fatigue life with a desired cer 
tainty has the nature of a factor of safety corresponding 
to the factor of safety on top of the static limit load. 
This fatigue factor of safety is thus the ratio 


I _ Ras k, - Q2 


It should be observed that for a life shorter than 7°,’ 
Fig. 46 i.e., the life corresponding to k45) = 1—-this 
factor of safety is greater than the increase in area (on 
top of that determined by static requirements) which is 
necessary for ascertaining a safe fatigue life with a 
maximum critical failure rate. Between the lives 7 
ind 7,’ this increase in area is determined directly as 
Rat 

The corresponding factor of safety on time is accord- 


inglv defined as the ratio 
jr = Ty T, S4 


where 75 is equal to the ‘‘design”’ fatigue life, 7), when 
the total scatter is intended to be covered by j; (com 
pare Section 3.5). 

Besides the 50 per cent curve a few more P-curves 
have been drawn in Fig. 46 in order to clarify the rela 
tionships between probability of failure, critical failure 
rate and the two alternative factors of safety, j; and jr. 
Schematic distribution curves are further presented, 
corresponding to the scatter bands in load and time. 
For comparison a distribution curve is also shown for 
the static strength to the left of the figure. This dis- 
tribution curve, however, must be regarded as rather 
hypothetical, because the static factor of safety of 1.5 
has never been clearly defined as a pure ‘‘scatter factor’’ 
covering the scatter and other uncertainties between 
limit and ultimate load down to a certain small probabil- 
ity of static failure (P,). 

Regarding the load-based factor of safety, it might be 
pointed out that such a factor can be defined in at least 
the three following ways: 
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a) the factor, ji, is applied on both the amplitude 
load and on the mean load of the load spectrum. 

b) the factor, 7», is applied merely on the ampli 
tude load of the load spectrum. 

(ec) the factor, 7;-, is applied on the amplitude load 


of the S-.V curve by dividing the ordinates by the 


ac 


tor. 

A closer study of these definitions reveals that one and 
the same numerical value of these factors yields dif 
ferent magnitudes of k,—1.e., different structural 
areas—and thus also different hietimes. Only the fac 
tor ji is directly comparable to the fatigue factor k, 
and is, in fact, identical to 7, in Fig. 46. The difference 
as compared with those ob 
, depends on the extent to which the \ 


Che dit 


in results when using 7 
tained by 
curve is altered by a change of the mean load 
ference could, of course, be compensated by giving the 
factor j» a greater numerical value, but in any case it 
seems preferable to define the factor as because 
there seems to be little reason to assume that the rela 
tive mean load would be subjected to appreciably less 
uncertainty than the relative amplitude loads, at least 
for the case where the spectrum of applied loads is 
mainly assumed to be a given quantity as advocated in 
Section 3.6. 

As regards applying a factor, 7;,, on the mean S-.V 
curve, this might seem advantageous as it would 
directly cover a certain desired part of the compara 
tively limited scatter in S with S-V results. However, 
this method of applying a factor of safety does not seem 
appropriate, firstly because it would more easily lead to 
the neglect of the other uncertainties besides the scatter 
in the S-.V qualities, secondly because such a factor 
would cover a certain P range only for the case of the P 
case D and it would therefore be rather difficult to 
ascribe this factor an appropriate value for other P 
cases, and thirdly because a factor j,, would be difficult 
to apply in varying amplitude testing. It thus seems 
that a factory of safety on load should be defined as 
Ji i.e., j, in Fig. 46 and Eq. (S83 

Returning now to the question of whether the fatigue 
factor should be applied on load or on time, Fig. 46, as 
well as Figs. 30-32, immediately indicate that neither 
of the two factors, if they have given constant values, 
can vield a certain failure rate, as the curves for F,, and 
P = 50 per cent are not parallel in a logarithmic plot. 
This implies that for the simple case of a statically de 
terminate structure, embodying one fatigue-sensitive 
joint of a certain type and of a certain material, a 
numerically prescribed factor of safety can provide a 
certain required level of safety at the most at one single 
value of the limit life. For all other lifetimes the level of 
safety would be either inadequate or unnecessarily 
high, implying a too heavy structure weight. 

The variation in failure rate due to a constant value 
of either a load-based or a time-based factor of safety 
would be of moderate magnitude, and could, thus, be 
tolerable, if all transport airplanes were built of the 
same material, in a statically determinate way and with 


about the same stress concentrations in the fatigue- 
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sensitive parts. This is, however, not the case and it is 
easily found that different types of materials, different 
structural detail designs and different degrees of re- 
dundancy affect the failure rate to an extremely large 
extent, if only one value for the factor of safety were 
to be applied. For instance, a comparative study of 
Figs. 30, 31 and 32 reveals that merely a change of ma- 
terial together with moderate changes in stress concen- 
trations necessitate quite substantial changes of the 
value of the factor of safety in order to provide a cer- 
tain failure rate, for instance 10~%. However, a still 
more pronounced efiect on the magnitude of the factor 
of safety is caused by adopting a redundant type of 
construction and by inspection, and the necessary mag 
nitude of the factor is, of course, also dependent on the 
degree of redundancy and the effectiveness of the in- 
spections. 

In general it can be stated that the factor of safety 
could be ascribed a smaller value the more pronounced 
the redundancy is and the more effective the inspection 
is. This is illustrated by comparing Fig. 46 with Fig. 47, 
which shows that the failure rate for an element of a 
redundant structure, /; = cpF.,, determines the struc 
tural area required. It should be observed that F;, 
varies with time. 

From the above discussion it should be obvious that 
uo single value of a factor of safety, be it load-based or 
time-based, can vield a failure rate or level of safety that 
is even of the same order of magnitude for different limit 
lifetimes and different types of material, structural de 
signs and inspection procedures. It therefore does not 
seem rational to prescribe a certain numerical factor of 
safety in airworthiness requirements. As, furthermore 
a multitude of factors of safety, for different materials 
and designs, ete., would be highly unpractical, the ‘‘fac 
tor-method”’ does not seem to be the correct solution 
for use in official requirements. Instead it is proposed 
that a specified value of the critical failure rate should 
be entered into such requirements. In principle the 
only factual change that would then have to be made 
in the present ICAO Standards would be to replace the 
words ‘“‘extremely remote” with a specified figure. The 
determination of this figure is a matter that should 
appropriately be handled by relevant technical com- 
mittees in the various countries and in ICAO, but it is 
believed that the figure suggested above of a maximum 
critical failure rate of | in 10° hours of flight is of the 
right order of magnitude. 

Concerning the question of whether any numerically 
specified rule should at all be formulated in airworthi- 
ness regulations, it might be stated, in the first place, 
that the requirement proposed above would have the 
advantage (also compared with most requirements re- 
garding other questions of safety) that it would ascer- 
tain a uniform, clearly defined and sufficiently high 
level of safety without prescribing in detail how this 
should be attained. Secondly it might be emphasized 
that it does not seem advisable, in view of all the serious 
fatigue failures in recent years, to have no specific rules 
for this particular subject of safety. 
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Having arrived at the conclusion that prescribing g 
certain maximum failure rate is the most practical way 
of expressing fatigue requirements, a further discussion 
oi whether, using the factor-method, the factor of safety 
should be applied on load or on time seems to be of littl 
consequence. It must be emphasized, however, that 
the proposal to use the critical failure rate as the only 
design criterion presupposes that all uncertainties in all 
the aspects of aeronautical fatigue are treated statis 
tically. 
tistical analysis, they should either be covered by con 


If any uncertainties are omitted from the sta 


servative assumptions about each particular item (com- 
pare Section 45.6) or be covered by appropriate factors 
when the analysis has been completed. The first alter 
native is in most cases preferable, but if the factor 
method is used, applying the factor on time, instead of 
on load, seems to be more appropriate, firstly because 
fatigue is a question of lifetime and secondly becaus« 
the scatter, in particular in the case of varying ampli 
tude tests, is recorded in number of cycles, and can thus 
be covered directly by a time-based factor. Raising the 
load spectrum by a factor on load—1.e., changing the 
slope of the load spectrum curve (see Fig. 12 appears 
to be less realistic. 

In this connection an interesting observation might 
finally be made. As stated, the main difficulty with the 
important topic of check testing is the small sample size 
that can normally be applied. Although the mean 
values of such tests, be they of the constant or the vary 
ing amplitude type, can be determined with a fair de 
gree of accuracy, the scatter band {defined as the prod- 
uct k,s,, Eq. (32) | will be very large, if the coefficient of 
confidence has to be reasonably high, due to the limited 
sample size, as is illustrated by Figs. 13 and 14 in Sec 
tion 6.2. A thorough statistical fatigue analysis of the 
structure during the design stage seems, however, to 
enable a full utilization of such an analysis in order to 
assess the finally permitted limit life from check tests 
on the vital fatigue-sensitive elements. With reference 
to Fig. 47, this method would imply that, if the mean 
life, denoted 7750, check, Were Obtained by check tests, the 
finally permitted limit life, 7,,, would be obtained by) 
7, as ob 


tained by the said statistical calculations at the design 


dividing 7%50, check With the factor jrp = Ts 
stage. This procedure obviously implies a bridge be 
tween designing for fatigue (Topic A) and_ check 
testing (Topic B). It should, of course, be observed 
that applying the said factor j; does not mean using 
the factor-method, the procedure is merely a method 
for compliance with the failure rate criterion. 

A corresponding procedure can evidently be used by 
in principle, the corresponding factor on 
This would have the 


applying, 
load, j:, (see Fig. 47) instead of jr. 
advantage, in particular for varying amplitude testing, 
that the load level would be raised resulting in a shorter 
testing time but, on the other hand, applying the factor 
on load might introduce some errors or uncertainties as 
has been explained above. 

Regardless of how such a factor is applied, this 
method of taking full advantage of all the fatigue caleu- 
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lations carried out at the design stage, which calcula 
tions should be based on rather reliable, general design 
information when such becomes available, should 
possibly be referred to in the fatigue clause of airworthi 
ness requirements. A recommendation could thus be in 
serted implying that, in showing compliance with the 
jailure rate criterion by means of check testing, the de- 
signer might support the calculation of the final limit 
life by the statistical fatigue analysis performed in de 
signing the airplane. This obviously means that a 
thorough analysis at the design stage, based on relevant 
lesign information, would be directly beneficial for the 
designer in terms of permitted limit life of his product. 


13. CONCLUDING REMARKS 


In the author's opinion the fatigue problem differs 
from most other problems in aeronautics because of the 
sreat scatter, which is to a large extent of an inherent 
nature and is therefore inevitable. It thus seems nat 
ural to use the tool we have for dealing with unknown 
factors in a rather accurate way, and that is by statis 
tical mathematics. This has, of course, been done by 
many scientists, not in the least in the U.S.A., but has 
mainly been confined to a statistical treatment of the 
scatter in the endurance properties of specimens tested 
in laboratories. 

In this paper the outlines of a general policy have 
been drawn up, by which the whole problem of fatigue 
in fixed wing aircraft can be grasped by means of sta 
tistics. Furthermore, some methods have been pre- 
sented enabling a treatment of most of the detailed 
problems in an analytical way. It should be empha 
sized, however, that within the frame of the picture of 
aeronautical fatigue thus outlined, there are quite a few 
obscure or missing bits of the puzzle that have to be 
clarified or put in place before the picture itself stands 
out clearly. To disperse the obscurity in a reasonable 
time, research must be conducted to such a large extent 
and at such a rate that practically only the big coun- 
tries, in the first place the United States and Great 
Britain with their well-equipped laboratories, are able 
to make the necessary progress. I feel very strongly 
that the contribution that can be made by the smaller 
laboratories, such as the FFA, is very limited. How 
ever, as the field of fatigue lends itself so well to joint 
effort, we at the FFA will be happy to co-operate in any 


way that may be suggested. 
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APPENDIX A 


ANALYSIS OF DAMAGE INTENSITY AND CUMULATIVI 
DAMAGI 


by Sigge Eggwerts* 


[he main purpose of this appendix is to obtain an 
explicit formula for calculating the fatigue damage 
caused by loads with varying amplitude, in particular 
sust loads, acting on an airplane structure or on a 
structural component. The damage is defined as a 
certain fraction of the damage at failure, assuming, ac- 
cording to the cumulative damage theory, that the 
damage at any stress amplitude grows linearly with the 
number of stress cycles applied, and that the damages 
of different stress amplitudes can be added to a total 
damage without regard to the magnitude of these 
implitudes. The relation between the stress ampli 
tudes and the corresponding number of stress cycles is 
ipproximated by simple functions both for the gust load 
curve and the endurance curve in the same way as in the 


main lecture. 


Damage Intensity 


The fatigue damage caused by a number of stress 


veles of a certain amplitude s, may be defined 
D=n/N 


If the number » of stress cycles applied is equal to the 
number .V of cycles required for failure according to the 
endurance curve, the damage takes the value of unity. 

In the case of gust loads on an airplane, there is no 
particular number » corresponding to a fixed amplitude 

Instead, a small interval As, (Fig. Al) must be con- 
sidered. If the number of gust cycles within this inter 
val is denoted (— A//) the damage AD of the interval 
will be 

AD -(AH/N) (A-1 

According to the cumulative theory which was first 
introduced by Palmgren in 1924,*4 the total damage in 
ll intervals can be written 

All 
D=2X{- : A-2 
A 
where D 


in which the different stress amplitudes are applied. It 


1 still means failure, irrespective of the order 


has been shown that Eq. (A-2) is not generally cor- 
rect '' There is some indication, however, that it 
may be used for gust loads without introducing sub- 
Stantial errors. 

“Principal Scientific Officer, Structures Department, The 


Aeronautical Research Institute of Sweden. 
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Returning now to Eq. (A-1), the intensity of the 


damage is obtained dividing AD by As 


AD/ As -(AH/As,)(1/N A-3 


If As, is infinitely small the damage intensity is written 


D’ = dD/ds — (dH /ds,)(1/N (A-3a 


It will be shown in the following that D’ is usually 
very small for V < 10%. Above this limit the en 


durance curve can be approximated by 
N a(s Sup)” (A-4 


where sy, is the endurance limit (Fig. Al) and @ and 8 
are two other parameters, to be determined by test 
values. 

The gust loads are represented by the following for 
mula, which is in good agreement with measured 
values if very high and very small gust loads are 


excluded 


log [I] log Il hs log e 4-5 


where //) and / are two parameters. 


From Eq. (A-5 
I] TT] y A-5a 
Introducing Eqs. (A-4) and (A-5a) in Eq. (A-3a) gives 


D ¢ : s Nak A-6 


The maximum damage intensity is obtained by dif 


ferentiating Eq. (A-6 


dD’ IToh 
é / I ») I 
ds a 
dp’ 
0 
ads 


gives the value s corresponding to D’ 


| Toh () )3 
dD, : e A-S 
a | hn | 


The corresponding value of .V is obtained from Eq. 
A-4 


N, : a(h/B)* A-9 


In Fig. A2 a typical damage intensity curve has been 


drawn. It is important to note that the maximum is 
usually rather close to the endurance limit s,¢. For 
values of s, corresponding to .V 10*, where the above 
Eq. (A4) is no longer valid, the damage intensity is 
nearly always extremely small, giving no measurable 
contribution to the total damage. This approximation 
will, however, be studied analytically in the following 
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—— Cumulative Damage 
The total damage is obtained by integrating Eq. 
A-b 
c.f. , 
a D= é (So — Sar)” dSq 
ie J @ 
. . 
| For values Sg S Sag the damage is obviously zero and 
» should consequently be the lower limit of the inte 
| eration range. The upper limit could arbitrarily be 
| taken somewhere between the point where the proper 
-\V curve starts to deviate from Eq. (A-4), see Fig. A3, 
and infinity. Using the correct endurance curve would 
involve a greater damage than the integration of Eq. 
\-6) up toinfinity. This limit will consequently give a 
slightly better result than the deviation point. As 1n- 
finitvy gives the simplest formula for the damage, this 
limit will be chosen. 
| Hoh (7 
D = | ce" (s, — Sex)’dS,  (A-10 
a - 
| Introducing 
' 
— h § = Sen) 
| x Ui } 
é ¢ ¢ 
_| dSq dx h 
Eq. (A-10) is transformed into 
ie" 2 -_ 
D= ; e ‘x"dx (A-10a 
ah J 





rhe integral 


e *x"dx = T(@+ 1 
0 


Gamma-function which can be obtained from 


is a 
mathematical tables.*” °'°? Fig. A4+ shows the varia- 
tion of log ['(8 + 1) with c, where c = 1°38. 


The final formula is thus 





Hy ‘ ; 
D = h-"e “ee Tie + | (A-10b 


a 
In the preceding section the s, value corresponding to 
maximum damage intensity has been calculated. It is 
now possible to obtain also a simple formula for s, 
corresponding to the centroid of the area enclosed by 
the damage intensity curve, which might be of some in- 


terest when deciding at which stress amplitudes the 


fatigue tests should be run. 
Taking moments about an axis s, = S,x gives 


Swi \D = } D'(s. os Dus ds, —_ 
Sat 


yh 
} es (So — San ‘ii lds. 
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Introducing D from Eq. (A-10b) the co-ordinate of 


the centroid is obtained 


1T(e + 2) 8 + ! 
s = +- Sak = T Sak (A 1] 


* " hT(e + 1) . h 


The corresponding value of .V is 


N. = alh/(8 + 1)]}? A-12 


Study of Influence of Complete s.-N Curve 


The upper, downward concave part of the s,-.V curve 


can be approximated by the equation 


N = an(Sa — San ; B (A-13 
where usually 
ai ~ a By ~ 3 
in comparison with Eq. (A-4). 


It has been stated above that the upper part of the 
endurance curve does not influence the fatigue damage 
very much. It is necessary to know if the contribution 
by this part of the curve is never more than 10 or 30 per 
cent, but the study can be made very roughly. Conse 
quently it seems to be permissible to introduce the 


simplification a; = a and B; = 8B. 
N = B(Sa — Sez) " — B (A-1l3a 


The new parameter B may be determined from a point 


defined by 


B= al$. wai — Sax) — 1 (A-14 


The stress amplitude s,, y—: is, of course, very close to 
the static failure stress minus the mean stress s,,. If all 
the above stresses s are supposed to be given in relation 
to the static failure stress, s,. y—; may thus be written 


Sa.wal © 1 — §, (A-15 
According to Eq. (A-13a 
l l 
N alSe — Sax) ° — B 
(8 ~ Sak P ] \ 
16 
a 1 — (B/a)(Se — Sar 
Introducing 
. l 
n > — f 
1 — (B/a)(se — Sax)” 
(Ba (Se — a + (B? a*)(S— — Sor 7 4. MES (A-17 


the damage intensity D’ can now be written comparing 
Eqs. (A-3a), (A-6) and (A-16 


’ Toh , : 
D' = ne (Sa — Sar)” A-1S 


a 
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The total damage will consequently be 


Hye ek CRU -sm—Ssq, wails 

D = - ne ‘x"dx (A-19) 
ah’ J0 

using the same x as in Eq. (A-10a). 

If only the first term of yn, according to Eq. (A-17), is 
used, Eq. (A-19) will obviously be identical with Eq. 
(A-10a) apart from the upper limit of the integral, 
which should be in this case an x-value corresponding to 


The integral 


} e ‘dx = I(u, p) T(B + 1) 
0 


is an incomplete Gamma-funetion. J(u, p) has been 
tabulated by Kk. Pearson.®? The arguments of these 
tables are 


p=B6 
u=x/Vpt+1 = Al — Sm — Saz)/VBH+ 1 
Now 
bt = 52 ands, = 027 
further 


Ss 0:2 and Bp s 7 


the function J(u, P) will have the limits 
0.9999963 < I(u, p) S 1.0000000 


1.e., practically 


and thus 


HT ie lasgnd 
dD, = h re «T(g + 1) (A-20) 
a 
The second term of Eq. (A-17) will give the following 
increment in D 


WhB () Wiss 
poD, = 2 | o's. = 5 


ae 
HI,Be~"* fh -sm—sat 

a2h? | 
I1,B 


e 
97.23 
arth 


0 


*a T(y, p)T (28 + 1) 


In this case 


Pp = 28 
= hi) — Sm — Sar) V 28 — l 
Assuming 
ps l4 i ae oe 


0.9964 < [(u, p) S 1.0000 
and consequently 
I(u, p) 


I1,\B 


 - (28 + | 2 
a*h*P 


bel); = 


Dividing Eq. (A-21) by Eq. (A-20) gives 


B (26+ 1 
ah’ T(B + 1) 


If B is approximated by 
B = a(l -— Sp Sak 


Eq. (A-22) will take the form 


= thi r(28 + | 
we = [C1 — Sm — Sex) ]~* 
Assuming 
h = 52and 1 — sm — S,, 2 1 — 0.27 — 0.20 0.53 
further 
08 8s 7 
gives the maximum of pw, corresponding to 8 0.S 


to mar = 0.108 
The complete formula for D can now be written 


D = D1 + wo tus tt... mn t+...) 

_ h*e"“ Tie +1 [ + ol 

a ; ah® T(8 + 1) 
B? (36 + 1) 
ath”? T(B + 1) 


ii (Bn + 1) 7 
a ye r, (t, —) +... A-23 
a Rr" rie +4 }) | 


I3(u, p) +... 


With 8 = 0.8, which gives the slowest convergence, 


D = D, (1+ 0.108 + 0.016 + 0.003 + 0.0006 + 


The difference between D,, obtained from Eq. (A-20 
or Eq. (A-10b), and D from Eq. (A-23) is thus always 
less than 15 per cent. Using values of 6 and s,,, which 
are less extreme than the above, the convergence will be 
much more rapid and the error introduced by Eq. 
(A-10b) will turn out to be only a few per cent. 
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Discussions of the Lecture 


William Littlewood, Vice-President, American Air- 
lines, Inc.: The Eighteenth Wright Brothers Lecture, 
is prepared and delivered by Mr. Lundberg, has 
brought us a scholarly and comprehensive discussion of 
the fatigue life of airplane structures. I find it easy to 
agree with many statements of Mr. Lundberg’s sum 
mary e.g., “‘the dominating difficulty in the increas- 
ingly important problem of fatigue in airplane struc- 
tures is the very great scatter that is typical for all its 
main aspects’’; and “‘it will never be possible to predict 
the fatigue lifetime for an individual airplane with 
reasonable accuracy’’; and further, ‘“‘our efforts should 
be concerned not with the prediction of fatigue life, 
but with the prevention of fatal fatigue failures down to 


n extremely low failure rate.”’ If I were to take any 


exception to these statements, it would be to stress our 
intention to reduce fatal fatigue failures in air transport 
structures to zero! 

Mr. Lundberg points out that the occurrence of static 
structural failure appears to be of constant probability 
since the experience of an excessive gust velocity is 
equally probable at any time in the life of an airplane 
and that such occurrence, according to existing design 
standards and practices, is apparently so remotely 
probable as to render it a negligible risk in our safety 
concepts for air transport. On the other hand, he 
stresses the thought that fatigue damage is a cumulative 
process, which, after an initial period of complete 
freedom from vulnerability, continues to rise from a 
negligible probability to a high and unacceptable value 
later in the life of the structure. 

With these concepts, I can find no disagreement. 
Mr. Lundberg states that his discussion is intended 
primarily to derive essential guides for the designer in 
providing some rational measures of fatigue capacity to 
determine the point of initial onset of serious structural 
fatigue probability and to provide, after design and 
initial fabrication, guides to check determination of 
what fatigue capacity has been provided. I have 
nothing but enthusiastic endorsement of his approach, 
or similar approaches, to that phase of the problem. 
We must, obviously, have a rational method for pro- 
viding and checking the provision of adequate fatigue 
capacity in the airplane to be operated. Our problem 
remains, however, of what is adequate. 

Mr. Lundberg has confined his statistical examination 
solely to the limited number of accidents which have 
occurred contributable to structural fatigue failure, 
whereas the much larger number of incidents which have 
been detected developing to varying degrees toward 
ultimate accidents would, in my opinion, give a much 
sounder basis for the determination of whether our 
present condition is a satisfactory criterion for future 
fatigue standards. According to the actually developed 
accident data, we apparently have a completely satis- 
factory fatigue safety condition, whereas examination 
of the incomplete information available with respect to 


the much more frequent incidents would raise serious 
doubt as to any justifiable complacency with our present 
condition. There is probably no area of airplane 
operating safety where the oft quoted comment that 
“aviation is not inherently dangerous but, even more 
than the sea, it is terribly unforgiving of any careless 
ness or neglect” can be truly applied than in the field of 
structural fatigue. 

It would be presumptuous of me to discuss in detail, 
or to criticize, even constructively, Mr. Lundberg’s 
masterly treatment of the highly technical phases of 
our problem. I suspect that I have been given an 
opportunity to discuss the paper much more with the 
idea that my deep interest and often expressed thoughts 
on the subject of air transport structural fatigue, as 
related to safety in operation, would be again reviewed 
with appropriate reference to that portion of Mr. 
Lundberg’s presentation. 

We are faced with two problems. One is the con 
tinued safe operation of air transport airplanes cur 
rently in use in connection with which we find varying 
degrees of fatigue capacity, derived more by fortuitous 
circumstance than by preplanned design. Secondly, 
we have the problem of providing in our future air 
transports fully adequate preplanned fatigue capacity 
and deriving those rules by which even such aircraft 
must be monitered in order to ensure freedom from 
fatal fatigue failure. The answers in both cases are the 
same—namely, inspection and repair. 

Mr. Lundberg dismisses as relatively unimportant 
to his treatment the consideration of whether an air- 
craft structure be designed for fatigue with basically 
single elements as typified by a monospar wing or 
dependence on any single element of structural capacity 
or whether the structure be basically of a more complex 
multistress-path type, which may or may not be truly 
redundant. He does, however, point out that the prob 
ability of catastrophic failure is apparently somewhat 
lessened by the latter type of design. 

I cannot dismiss these differences lightly, since I feel 
that in a full appreciation and exploitation of the latter 
principle lies our almost perfect protection against the 
occurrence of fatal fatigue failure. Mr. Lundberg 
stresses very properly the wide scatter of S-V values 
associated with materials, and the increasing scatter 
occasioned by variations in manufacturing techniques 
and inspection controls, and the grave uncertainties of 
the life load history of our structures subjected to 
major fatigue, even though we count and record the 
element of gust loading frequency and intensity. The 
tremendously wide variance in imposed stresses caused 
by complex combinations of stresses, even in simple 
elements of structure, due to air loads, temperature 
loads, vibration stresses, etc., still leaves us in a mass of 
unknowns with respect to the true life stress history of 
our critical parts even in any set of known operating 


conditions. Another unknown, and one which involves 
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all the possibilities of fatal failure, is our inability to 
determine by known inspection methods the complete 
absence of flaws in any single element of structure. 
Consequently, following the single element principle, 
we are always vulnerable to the fact that we have all 
our eggs in one basket, and, if the bottom falls out of 
that basket for any reason, be it unknown stresses or 
hidden flaws, the eggs will break. On the other hand, 
the inherent safety of the decreased probability of 
serious fatigue failure progression beyond reasonable 
inspection and correction in the complex structures that 
are fortunately common in most of our American air 
transport designs and many others today, and the tre- 
mendous possibilities of further reducing that proba- 
bility ad absurdum by the intentional application of the 
inherently safe principles of relatively independent 
multistress paths, gives us full hope and expectation of 
satisfactory fatigue safety for the future with com- 
pletely acceptable inspection and correction standards. 

In order to incorporate adequately such design 
principles we must, of course, be able to recognize the 
critical design areas susceptible to disastrous fatigue 
failure. We can readily agree that, without subdivi- 
sion, such areas include the wings, tail surfaces, and 
fuselage itself. There are many others, which the total 
design consideration must contemplate. If we are to 
examine, in an oversimplified consideration, the possible 
application of the multistress-path principle to the 
lower wing surfaces, we might visualize literally 
hundreds of parallel tension members, interrelated only 
as needed to provide the required shear and _ torsion 
strengths, and extending throughout the critical fatigue 
area. The failure in fatigue in tension of any one or 
even a number of these could still leave the wing with 
residual static strength adequate to cope with any 
reasonably anticipated single load condition. The 
incorporation in such a design of adequate inspect- 
ability and the further provision of ready replaceability 
would define the essential elements of this principle of 
fatigue safety. More by happenstance than intent, 
we have it to some degree in our present wing designs. 
We can have it to any desired degree in future designs. 
Our problem is to determine the structural methods 
best suited to make such provision wherever required 
in the aircraft structure with minimum weight penalty, 
ease of fabrication, full inspectability, and ready re- 
placeability. This is the challenge to our fatigue 
research and design determination. 

The inherent characteristics of this application to the 
problem might be summed up by stating that it in- 
corporates (1) ‘‘fail-safe’’ design, where the fatigue 
failure of one or more elements of multistress paths still 
leaves adequate residual strength; (2) the controlled 
slow onset of developing fatigue failure by providing 
“impedimenta”’ in the paths of fatigue crack progres- 
sion; (3) the arrangement of design detail so that the 
most highly fatigue-stressed elements shall be readily 
inspectable on the surface; and (4) design intended to 
provide ready replaceability of failed units. 

If we can take a quick look at our fuselage problem, 


we will immediately recognize the unsuitability of con- 
templation of the single-element fatigue-stressed theory. 
The structure is inherently complex and subjected to an 
indeterminate combination of imposed stresses due to 
pressurization, wing loads, tail loads, temperature 
loads, vibration loads, etc., with unknown concentra- 
tions of stress under such multiple loading in the almost 
infinite variety of flight conditions. It seems, however, 
that the recognition of the same principles expressed 
above with emphasis on the design of our pressure 
vessel to arrest fatal rupture in the event of the de- 
velopment of an initial fatigue failure or penetration of 
the pressure vessel by extraneous objects will guarantee 
that safety that is essential. Experience has shown 
that simple methods can be applied to prevent the 
extension of initial failure or penetration of pressure 
vessels, including fuselages, to catastrophic rupture. 
We are all familiar with such methods as applied to 
many pressure vessels and recognize their incorporation 
to an unplanned extent in existing fuselages, and we can 
make adequate provisions in future fuselages to 
guarantee safety. 

These are design provisions that can be developed 
and must be incorporated in future transport aircraft. 
With respect to today’s operating airplanes, we are 
greatly dependent on inspection and repair as our pri- 
mary safeguards. It seems inevitable that the ultimate 
course of repair requirements will lead to maintenance 
costs that will eventually necessitate the replacement of 
equipment. However, the application of rigorous in- 
spection and corrective measures will continue to 
assure adequate safety, primarily, as has been said, 
because of the provision to a not vet satisfactory degree 
of the principles set forth. 

So, it seems that our airplanes should be designed and 
checked for fatigue according to criteria such as those 
set forth by Mr. Lundberg, or certainly according to 
extremely similar principles, including the practical 
provision of safeguards of the types delineated herein. 
Thereafter, reasonable inspection and repair should 
ensure the almost indefinite life of our airplanes in 
whatever services they may be placed, and with fully 
acceptable safety. We are, indeed, indebted to Mr. 
Lundberg for his tremendous contribution to thought 
and progress in the essential field of fatigue life of air 


plane structures. 


Richard V. Rhode, Assistant Director for Research, 
Aircraft Construction, NACA, Washington: Mr. 
Lundberg’s paper, which he has outlined in his lecture, 
is too comprehensive and profound to be appraised 
adequately in a limited period of time. Its true sig- 
nificance will be known only after many designers and 
structural scientists have been able to study it and 
evaluate its potential effects on structural design, 
safety, and economics. Comments ventured at this 
time must, therefore, be limited to some rather broad 
questions. 

To state the case briefly, Mr. Lundberg emphasizes 
the statistical nature of scatter and suggests that design 
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for fatigue be based on considerations of probability 
applied 1m such a way as to ensure a suitably low failure 
rate. As the data required for this process become 
available, he would thus elevate design for fatigue from 
the status of an art to the status of a science. There is 
much in this philosophy with which one can agree, and 
I do not think that the technical soundness of Mr. 
Lundberg’s approach can successfully be challenged. 
At the same time, I feel that the fatigue problem is a 
rather urgent one and that the problem is so complex 
than one may properly question where research and 
engineering effort should be applied in order to arrive 
at an early practical solution. 

Phe present fatigue failure rate of transport airplanes 
is much higher than the rate of one catastrophic failure 
in 40 vears suggested by Mr. Lundberg as a suitable 
level of safety. In the past 6 vears, there have been 
sufficient known cases of serious fatigue fracture 
throughout the world’s air lines to indicate that the 
present rate is many times greater than this figure. 
Aside from the direct loss in money or lives caused by 
these failures, we have recently seen one transport 
airplane retired to limbo, its economic future wiped out, 
and the prestige of a nation’s aviation suffer great 
damage as a result of fatigue failure. Thus, the 
fatigue problem is urgent enough, and reduction of the 
failure rate is obviously needed now. In seeking a 
solution, we must bear in mind, however, that the 
present failure rate is directly related to the great gains 
in aircraft structural efficiency which have been made 
over the years. There seems to be an inexorable law 
that says that, as structures become lighter, the fatigue 
life grows shorter. The great structures of antiquity 
are notable for their massiveness, as well as for their 
lasting qualities. The remarkable aircraft structures of 
modern times, on the other hand, are notable for their 
lightness and strength, but also for their short lives. 
The basic question, therefore, is not can we reduce the 
failure rate to an acceptably low and determinable 
level, but rather can we reduce the failure rate to an 
acceptable level without sacrificing the hard-won gains 
in structural lightness which have been made during 
the past 20 vears. 

It has not been clear to me, during my brief study of 
Mr. Lundberg’s paper, how much weight increase 
might result from designing to the low failure rate he 
Suggests. Superficially, at least, it would appear that 
the selection of such a low failure rate as 10~° entails a 
degree of conservatism relative to current practice 
which would result in substantial weight increases of 
typical structures. Some idea of the amount of the 
increase might, perhaps, be surmised from the plots of 
fatigue factor, ky, against time to failure in Figs. 30 to 
o+. If the present failure rate is as much as two orders 
of magnitude higher than that desired, these plots 
would seem to indicate that weight increases, at least in 
the tension structure, of roughly 50 per cent might be 
required for typical structures of limited redundancy. 
Perhaps Mr. Lundberg could state an opinion regarding 
the effect on weight, in typical cases of limited redun- 


daney, of reduction in failure rate from the apparent 
current level by one, two, or three orders of magnitude. 

Although less basic than the question of weight, the 
question of time is currently of great importance. 
During the past 10 years, a great deal of data have been 
obtained on repeated loads and on the fatigue proper 
ties of aircraft materials and structures. Also, the 
nature of the problem has been widely explored, and 
our understanding of it has greatly increased. In spite 
of these advances, we are still a long way from the goal 
of predicting either the probable fatigue life or the fail 
ure rate. As Mr. Lundberg has clearly indicated, 
application of the statistical method will require the 
acquisition of many test data, and it will be many 
vears before these data can be accumulated, even if 
aircraft configuration, materials of construction, per 
formance, and operational environment remain static. 
For this reason I feel that we have to find a shorter 
path to the immediate goal of reducing the failure rate, 
while at the same time avoiding retrogression in the 
matter of weight. This shorter path, I feel, lies in the 
immediate exploitation of what has variously been 
called redundancy, diffuse structures, multiple-load 
path construction, or fail-safe design. 

If we look back on the catastrophic fatigue failures 
that have occurred, excluding those of the pressurized 
fuselage of the Comet I, we find that they have oc 
curred on single-spar or two-spar wing structures. 
There have also been some serious fractures and ‘‘near 
misses” on the slightly more redundant types, so that, 
by-and-large, the present unsatisfactory failure rate is 
attributable to failures that have occurred on the less 
redundant structures. This fact strongly implies, and 
Mr. Lundberg’s paper also bears out the point, that, 
through application of appropriate principles of de 
sign, we ‘‘can have our cake and eat it too.’ That is to 
say, without sacrificing on weight and without increas 
ing the repair rate over present levels, it appears that 
the failure rate can be drasticaliy reduced. 

The requirements for satisfactory design for fatigue 
can, I think, be tied to three essential principles. 
These principles are: 

1. Slow rate of crack propagation. 

2. High degree of inspectability. 


3. Favorable relation between extent of fatigue 
crack and residual strength. 

It is clear that application of these principles re- 
quires that we center our attention more on what 
happens after the crack starts and less on how long it 
takes for the crack to appear initially. The most 
important immediate tasks for research are, therefore, 
to investigate rate of crack propagation and residual 
strength as functions of the distribution of the material 
in the structure. The residual strength, as Mr. 
Lundberg has pointed out, must be investigated with 
due regard for the redistribution of load as material is 
lost through cracking. To be realistic, the residual 
strength should probably also be determined with due 
regard for the dynamics of both loading and _frac- 


ture 
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With regard to pressure fuselages, it is mainly im- 
portant that the probability of castastrophic blowout 
be made much less than the probability of failure due to 
external loads or, more simply, that there be no real 
danger of a catastrophic blowout, even if a fatigue 
crack should occur. There is some indication that this 
goal can be attained without too much difficulty. 
When this is done--that is, when the design is made 
such that a fatigue crack can occur without causing an 
explosion —then fatigue of pressurized fuselages will no 
longer be an important hazard. 

In conclusion, I should like to express my great ad- 
miration for the remarkable paper that Mr. Lundberg 
has prepared. Although some time will be required to 
assess it fully, there is no doubt that it is a major con- 
tribution on fatigue of airplane structures. In addi- 
tion to the new design data and procedures that it con- 
tains, it coordinates and unifies many aspects of the 
fatigue problem. Understanding of the fatigue prob- 
lem in itself is one of the greatest guarantors of a low 
failure rate. For this reason alone, Mr. Lundberg’s 
paper should be carefully studied by all who are con- 
cerned with the structural design of aircraft 


O. J. Schaefer, Manager, Production Design, The 
Glenn L. Martin Company: It is with a courage born 
of humility that I remark on Mr. Lundberg’s timely 
and thought-provoking lecture. 

His effort toward the establishment of an overall 
philosophy in relation to the problem of aircraft 
structural fatigue is certainly well taken. Some basic 
planning is in order——and, in this planning, the specific 
responsibilities of the research institutions, regulatory 
agencies, air line operators, the military, and air-frame 
manufacturers need to be clearly understood. 

The establishment of a service-life goal for the air- 
craft is of vital interest to all of us in any way con- 
cerned with the structural integrity of the nation’s 
aircraft. May I suggest, in this connection, that an 
exact value is not so important as the determination of 
what has to be done to a particular airplane to make it 
fulfill the established service-life minimum. 

Mr. Lundberg suggests that a determination be 
made of the proper auspices and scopes of the more 
urgently needed research and development programs. 
This appears to me as another highly important con- 
tribution. There has been a tendency, on the part of 
the agencies, to act independently—and perhaps to 
view each other's work with some scepticism. There 
is much wisdom, therefore, in the plan to set up re- 
search and development targets and to pool all inter- 
ests concerned, as is presently being accomplished with 
the AIA W-76 Committee. This scheme concentrates 
the best talent on the problem and should save a great 
deal of precious time. 

During the preliminary design stage, the effects of 
configuration changes upon the fatigue life of the air- 
craft are of special interest to the designer. Although 
considerations of fatigue may not determine the basic 
configuration, it is mandatory for the designer to under- 
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stand the effects of configuration—as well as of environ- 
ment, the load factor, and the speed of the aircraft 
upon fatigue values. He must be alert to take advan- 
tage of any changes that may significantly increase the 
structural life of the air frame. 

Detail design, as we all know, is an important factor 
in determining the fatigue life. Here, the designer 
must not only take heed of the dictates of actual ex- 
perience in confirming satisfactory design criteria but 
must exercise great care in areas where either the 
material or a detail design feature may connote a 
sensitivity to fatigue failure. 

After the release of structural drawings to the shop 
drawings embodying adequate fatigue margins —back- 
checking of critical items still remains to be accom- 
plished. Some of this can be done by means of repeated 
load tests. Revisions are in order, whenever such 
tests show weaknesses in terms of the original life caleu- 
lations. 

Another factor that bears checking is that of the 
assumed service history. The instrumentation of 
several service airplanes, to supplement existing load- 
magnitude and frequency information and to check any 
standing assumptions, will prove of unquestioned value 
to the designer. 

Of no less importance is the matter of inspection. 
One of the most outstanding types of preventive 
maintenance is the method of “block overhaul.” By 
dividing the entire structure into four units and, for a 
particular plane, by inspecting each unit at one-fourth 
overhaul time, it is possible, in effect, to accomplish a 
complete structural review at the end of each quarter 
of the overhaul period. Where to look will vary from 
type to type. It appears, however, that significant 
generalizations are possible, and these should help the 
inspector with his chores. 

In closing, I wish to emphasize again the importance 
of our working together on this problem particularly, 
of course, the air-frame manufacturers, the air-line 
operators, and the military. It is too early, in view of 
its scope, to realize the full impact of Mr. Lundberg’s 
recommendations in the field of structural fatigue. 
But further study and the utilization of this material by 
our scientist-engineers and technicians will surely bring 
out its full value. 


J. F. McBrearty, Chief Structures Engineer, Lock- 
heed Aircraft Corporation: It is an honor indeed to 
have the opportunity to comment upon the Wright 
Brothers Lecture. I wish to congratulate Mr. Lund- 
berg and The Aeronautical Research Institute of Sweden 
for the magnificent work that he and his organization 
have done in the important field of aircraft structural 
fatigue. The lecture that we have heard tonight is a 
masterful presentation of the essential elements of this 
entire subject. 

I sometimes wonder just what is expected of a persot 
asked to furnish prepared comment on a treatise such as 
Mr. Lundberg’s. I suppose I could find some detail 
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part that I did not agree with and then belabor that 
point, or I could simply offer some platitudes. 

~ However, this subject is too serious and fundamental 
to treat this way, so I will take the opportunity to 
preset some of my views on this matter of fatigue life. 
In the first place, I submit that it is unfortunate that we 
continue to allude to “‘life’’ in a structure, an inanimate 
thing with no life at all. We scare everybody with the 
idea of a structure dying. Now, while a structure has 
no life, it does have strength, and strength is the 
property in which we are interested. 

~ [feel we have all emphasized life too much. Perhaps 
it is a carry-over from laboratory fatigue tests of ele- 
mentary coupons when in due course a specimen “‘dies’ 
because of repeated loads. In a complete aircraft 
structure, however, the structure does not expire from a 
simple crack. Aircraft structures have been experi- 
encing cracks for a long time and, while nobody likes 
them and we must all work hard to postpone them, 
I know and you know that they are inevitable—tt’s just 
a matter of time. 

Now, if we reorient ourselves we find that a crack is 
only serious, from a safety standpoint at least, if the 
remaining strength is insufficient for the task. This is 
plenty serious. It is so serious that, in my opinion, the 
aircraft industry cannot afford to base its safety cri- 
terion on any analytical prediction of fatigue life even 
when coupled with laboratory tests of structures, 

Fatigue cracks of the past have been serious when 
their undetected length left too little strength. Fatigue 
cracks of the past have not been serious when the 
structure remaining was still adequate for something 
like limit load—in other words when it “‘failed safe.”’ 
I think this fail-safe attribute is a ‘“‘must’’ when you 
consider that there are other things besides cracks that 
can happen things in themselves not catastrophic 
such as a turbine bucket through the fuselage shell or 
the like -which cannot be permitted to destroy an 
airplane. 

I feel there has been altogether too little effort on this 
feature both here and abroad—the feature that has 
prevented catastrophe in the multitudinous cases of 
cracks that have occurred and the feature that was 
absent when catastrophe did happen. I believe it is 
time to adopt “‘fail safe’’ as a matter of policy. What 
success has been achieved in the safety field so far can be 
attributed largely to this philosophy-—multiple engines, 
dual controls, standby systems, alternate airports—the 
fundamental concept in all these other segments of the 
business has been that human and mechanical failure 
can and will occur, and the airplane system must be 
prepared for it. 

Therefore, since I feel that we cannot (and perhaps 
never will be able to) guarantee that a crack will not 
form within any reasonable and practical period of 
time, and, even if we could there would still be the 
problem of other damaging events, I believe the policy 
of aircraft structural designers should be as follows: 

|. Design the structure so that a crack, undetec- 
tible in the normal course of aircraft operation, shall 
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leave sufficient strength for nominal limit design loads. 

2. Test the structure to establish this feature by 
deliberately breaking typical elements whose fail-safe 
characteristics are not otherwise known. 

3. Design the structure for allowable stresses, load 
spectra, and details of design in accordance with the 
current state of the art to avoid cracks to the extent 
practical and reasonable from the standpoint of the 
manufacturer's desire for a good reputation. There 
should be no regulations or guarantees on “‘lifetime. 

This is a big order. Little is known about fail-safe 
structural design, but if we get busy we can find out. 
Most of our structures today do indeed fail safe although 
we may not understand why, and we may or may not 
have set out to achieve this feature initially. Materials 
have widely differing abilities to develop strength after 
cracking, and we must work hard to obtain this in 
formation. I think that, at long last, we may have the 
real virtue and the real need for ductility. 

The analytical work and research on fatigue must, 
of course, continue. The state of the art must not be 
allowed to stagnate, but some of the emphasis should 
shift, in my opinion, from the field of crack prediction, 
damage theories, and such to the field of strength in 
damaged structures and materials. I urge The Aero 
nautical Research Institute of Sweden, which has done 
such splendid work in the fatigue field, and other 
research laboratories to help in this part of the business 
also. 

I wish to congratulate Mr. Lundberg once more for 


his splendid work. 


R. L. Schleicher, Chief Structures Engineer, North 
American Aviation, Inc.: Mr. Lundberg is to be con 
gratulated on the splendid and comprehensive manner 
in which he has dealt with this important subject 
Having recently reviewed the activities concerning 
fatigue in this country, my first observation is that we 
have many objectives and methods of approach in com 
mon. In testimony of this opinion are the many 
references Mr. Lundberg has made to American data 
and literature dealing with this subject. 

Concerning a philosophy for guarding against fatigue, 
there are several items requiring consideration, among 
which are the environmental conditions and the eco 
nomics of the situation. The concept of replacing 
members is possible only in greatly simplified designs. 
Most modern aircraft employ some form of shell-type 
construction, and hence the idea of exchanging either 
shear or bending material becomes economically im 
practicable. Instead, a graduated scale of fatigue 
resistance might be considered, in which it becomes 
more economical to replace complete components, such 
as control surfaces and outer wing panels at stipulated 
intervals, leaving the fuselage and wing center-section 
as relatively long-life articles. The reason for such a 
policy is obvious. The replaceable components are 
relatively inexpensive compared with the cost of system 
installations throughout the remainder of the airplane. 
The replacement period for complete components can 
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remain flexible, if the service life is monitored from the 
start by recording accelerometers or strain indicators. 
As an alternative, a joint program conducted by the 
manufacturer, the user, and a government agency could 
be undertaken to test a weary aircraft and the results 
used to ascertain the remaining fatigue life of a whole 
fleet. 

The argument Mr. Lundberg presented concerning 
redundant versus simplified structures has been heard 
frequently in recent times. It is generally agreed that 
the term “‘multiple load path type of construction” is 
preferred to “redundant structure,” since reference to 
redundant structures usually implies, to the uninitiated, 
that there is a great reserve of hidden strength, whereas 
the direct opposite might well be true. 

Mr. Lundberg’s key to the fatigue problem is that it 
must be dealt with on a statistical basis. This opinion 


is shared by many. As a first approach for dealing 
with the scatter existing in nearly all fatigue data, it is 
considered necessary that the data be presented in 


probability form as Mr. Lundberg suggests. Thus, the 
concept of a P-S-N curve will clearly show the per cent 
variation from the mean curve, provided, of course, 
that an adequate number of specimens are tested. This 
is a necessary first step toward improving fatigue test 
data and, hence, making it more useful to the designer. 
With increased testing facilities, the luxury of testing 
many specimens is slowly becoming a reality. It must 
be remembered, however, that there are other important 
variables such as concentration factors, stress ampli 
tudes, stress ratios, etc., which must also be considered 
in the presentation of test data. Some of these vari- 
ables may be grouped into categories to eliminate undue 
complicity. As an example, fatigue data on riveted 
and bolted joints might be listed under one level of 
stress concentration, whereas axially loaded members 
may be grouped into a second category. The stress 
amplitudes can be associated with the type of aircraft 
for which the items listed are applicable. It is trusted 
that in the not far distant future, fatigue test data 
plotted on a P-S-N basis can be used much the same as 
the 90 per cent probability values for static strength of 
materials now in practice. 

One of the greatest practical efforts that can be made 
is to concentrate on design principles as a guard against 
fatigue. As mentioned earlier, multiple load path 
structures are preferred over those having single load 
paths. Whereas the level of static strength is not 
altered, the probability of failure due to fatigue (since 
we are accepting the statistical approach) is greatly 
decreased in the multiple load path structure. As a 
matter of design policy, North American centers its 
fatigue effort mainly on the testing of single load path 
elements to a schedule of repeated loads. Some of these 
fall into the category of improved design, but in every 
case a goal of acceptable service life is sought. Despite 
one’s proficiency in structural design, these tests have 
brought to the forefront those practices that contribute 
to long life. Design modifications frequently lead to 
increased life by factors of three times or more, and this, 


it must be admitted, is making progress. It has become 


a recognized fact that fatigue is governed principally by 
two considerations—namely, the stress concentration 
factor and mean stress level. Of these, the stress con 
centration factor is of greatest importaace and can 
usually be improved without serious weight penalties 
Enlarged fillet radii or the displacement of a bolt pat- 
tern can frequently be accepted at no expense in weight. 
Other investigations in fatigue, of course, include in 
vestigations of basic materials, common fasteners, and 
occasionally repeated load tests of complete compo- 
nents. So that the designer may not be literally ‘carried 
away’ in his zeal to eliminate fatigue, there is no sub- 
stitute for common sense, and, as a guide, the designer 
should not overlook past success in similar elements of 
design. It is well that we not lose our sense of propor- 
tion while accepting an entirely new yardstick of 
acceptability in the design of extremely similar parts. 

An important feature of preventing fatigue failures 
is the responsibility of the using agency to maintain 
adequate inspection, particularly as the airplane 
wearies in service. The designer can assist in this 
important phase by providing structural accessibility, 
and this can be provided through semipermanent doors 
that can be removed during major inspections. Fur- 
thermore, the airplane manufacturer can greatly assist 
the using agency by preparing in advance certain hand- 
book material to act as a guide in making these inspec- 
tions. It then becomes the responsibility of the using 
agency to use whichever means of inspection is prac- 
ticable, whether it be visual, radiographic, magnetic 
particle, dye penetrant, or other means to detect the 
inception of cracks in critical areas. 

In view of the serious nature of this problem and the 
dire consequences that are entailed, a word of caution 
should go forth to those whose duty it is to investigate 
unfortunate mishaps and accidents. There is a slight 
tendency among some engineers to label every failed 
part as having been due to fatigue. Technically 
speaking, of course, they are correct since even a static 
failure might be termed a one-cycle fatigue failure, but, 
as Mr. Lundberg has reminded us, a static failure is 
due to going beyond the yield strength of a material, 
whereas a fatigue failure usually takes place below the 
yield strength. Examination of many _ specimens, 
which failed due to repeated loadings, reveals the tell- 
tale marks of fatigue. These are discernible progres- 
sive discoloration of the fracture and minute brinelling 
of the crystalline structure. The extent of the dis 
colored areas usually describes the extent of a fatigue 
failure prior to the last cycle. When a fracture is found 
in which the last fringe of fatigue damage covers the 
greater portion of the cross-sectional area, the proba- 
bility of fatigue is enhanced. Conversely, the reverse 
is true. Unless some moderation in the free discussion 
of fatigue damage is exercised, the traveling public 
might well form a natural apathy toward air travel 
which could be quite damaging, to say the least. 

Mr. Lundberg failed to mention one important aspect 
of fatigue which is becoming of great interest to military 
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aircraft designers, and that is the effect of elevated 
temperatures on the fatigue life of structural elements 
and components. <A limited amount of research has 
been done in this field and more is urgently needed. 
\lvy own knowledge includes information on a limited 
number of tests of single load path elements tested at 
elevated temperatures. The results, as usual, are 
widely scattered, but the trend has been that the 
strength at a given fatigue life reduces less rapidly than 
the static strength of the material, as given in the ANC- 
5 bulletin. This is an important part of the problem 
which must be dealt with more vigorously in the future. 

In conclusion, I would like to say that perhaps the 
createst progress that we have made to date on the 
subject of preventing fatigue in aircraft structures lies 
in the fact that the aircraft industry has become more 
fatigue conscious. The improvement in the fatigue life 
of elements, without regard to any particular spectrum 
of loads, is, in itself, something that is conducive to 
good design. The consciousness of more frequent and 
better air-frame inspection while in service is another 
feature that is improving. The concept of installing 
load or strain counters as a permanent installation in 
every airplane should receive serious consideration. 
In the final analysis, a careful assay of weary aircraft, 
where the service life is known through a careful service 
record and load counters, will enable the user to prolong 
the service life of his fleet, or the owner of a single air- 
plane through a lesser series of tests to estimate the date 


of retirement. 


L. R. Jackson and H. J. Grover, Battelle Memorial 
Institute: Mr. Lundberg has suggested an approach 
to aircraft design on the basis of a “‘limit’’ probability 
for fatigue failure. This approach places emphasis on 
the fact that there is scatter in the ‘‘fatigue”’ strength of 
supposedly identical structural elements and that the 
loadings imposed by gusts and maneuvers are best 
handled by statistical methods. 

While such factors suggest that statistical analysis 
has a place in designing aircraft to resist fatigue, and 
Mr. Lundberg’s closely reasoned treatment provides a 
framework for such design methods, we wish to suggest 
some additional factors that may also be worth con- 
sideration. 

The basis for these suggestions is our belief that 
Statistical methods of analysis are most useful in treat- 
ing fluctuations in variables that, for one reason or 
another, are not amenable to control by the experi- 
menter. By corollary, those fluctuations in variables 
that potentially can be controlled (although the means 
of control may not always be obvious prior to experi- 
ment) might well be studied by means of individual 
critical” experiments designed to expose basic mecha- 
nisms. 

From this viewpoint, it is instructive to attempt to 
separate the factors that determine the ability of an air 
irame to resist fatigue failure into two groups—those 
that are controllable and those that are not. 
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As mentioned above, ‘‘gust and maneuver loads” are 
almost entirely in the latter category. ‘‘Almost’’ be 
cause there is some control by the pilot in flying at 
slower speeds under gusty conditions so that, while the 
number of such loads is governed to a large extent by 
chance, the magnitude is partly controllable. 

The familiar ‘‘scatter’’ in fatigue strength of smooth 
and simple laboratory-test pieces made from materials 
that are used in aircraft structures suggests that statis 
tical methods would be appropriate here also. How 
ever, in complex structures, the situation is not so clear 
cut and unamibiguous as for simple laboratory-test 
pieces. For example, in such a simple element of a 
structural component as a single-row riveted joint, the 
nature of the fatigue scatterband can be drastically 
changed merely by preceding the fatigue test by the 
application of a static load that “evens up” the sharing 
of load among the rivets. While this simple expedient 
may produce an impressive change in the fatigue be 
havior of an isolated joint, it may not be effective when 
the same joint is built into a complex structure, because 
it may not be possible to apply a static load to a struc 
ture that would equalize loads on a// rivets without 
producing yielding or failure at critical locations. In 
this situation, it would be desirable to understand the 
structure well enough to know which scatterband to 
use in estimating service behavior. Such an under 
standing could conceivably be best obtained in some 
cases through the use of strain gages without any 
fatigue test at all, let alone a statistical array of fatigue 
tests. 

Other situations in which “‘control”’ is possible include 
the following: 

1. In laboratory tests conducted on simple struc- 
tural elements, it is possible to define or, at least, to 
reproduce a relation between the fluctuating loads used 
in the test and the stresses produced in the material by 
these loads. In structures, the situation is not so sim- 
ple. Approximate methods of stress analysis which are 
adequate to design for static stresses may be inadequate 
to predict or even to disclose components that may be 
important in fatigue. 

2. Stress concentrations such as occur at joints, 
changes in section, changes in contour, cutouts, etc., 
seldom produce unpredictable reactions to static load- 
ing when the materials involved have the ductility 
usually present in metals used for air frames. How- 
ever, the peak stresses resulting from such concentra- 
tions may completely dominate fatigue behavior, and 
it is therefore important to know the proper stress- 
concentration factor to be associated with each struc- 
tural configuration. 

As a parenthetical remark, it may be said here that 
the very few major fatigue failures of aircraft (known 
to the authors) have been attributed to local stress 
concentrations, and it is dubious whether these failures 
would have been avoided by designing on the basis of 
statistical allowance for scatter. Again, attention to 
behavior of individual tests could provide insight into 
the proper stress-concentration factor to use more 
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efficiently than might be obtained from statistical 
arrays. 

From considerations such as these, we should like to 
suggest that statistical treatments such as the one 
suggested by Mr. Lundberg be applied only after all 
stress components resulting from any combination of 
loads on the aircraft are thoroughly understood at a// 
critical locations and, in addition, the correct stress- 
concentration factor is known for every critical location 
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in which the peak stress deviates from the average 


nominal stress computed by conventional stress analy 
SiS. 

If these conditions are satisfied, then we believe that 
it may be possible to have some confidence in ‘“‘limit 
probabilities criteria for design to resist fatigue failure 
However, lack of knowledge of controllable factors 


may make probability analysis quite unrealistic 


Reply to Prepared Discussions 


Mr. Littlewood: I am in full accordance with most 
of Mr. Littlewood’s interesting thoughts, and I feel 
very glad about his concluding remark that airplanes 
should be designed and checked for fatigue according to 
criteria such as the one proposed in my paper. There 
are only a few of Mr. Littlewood’s remarks I should 
like to comment on. 

With regard to incidents versus accidents, I am fully 
aware that thorough investigations of incidents are at 
least as important as is determining the causes of 
accidents, be it in the field of fatigue or in any other 
matter of safety. However, I do not believe that it is 
possible, in respect of fatigue, to base the concept of 
safety on incidents, firstly because any definition of the 
“incident level’ which should be used as a basis would 
be completely arbitrary (see Section 3.5), as an incident 
is an extremely vague concept and can be anything 
from a fatigue crack in a member of a redundant struc- 
ture toa ‘‘near escape,’ such as a deep crack in a single- 
spar or two-spar wing. It would not even be appro- 
priate to define an incident as a certain reduction of the 
static strength, because the seriousness of such a reduc 
tion is highly dependent on the rate of crack propaga- 
tion, the degree of redundancy, and the inspection 
procedures applied. Furthermore, it might be pointed 
out that all incidents may not be reported. 

The proposal that the concept of safety with regard 
to fatigue should be referred to fatal accidents, has aot 
led me, however, to base the proposed magnitude of the 
critical failure rate on a statistical examination of 
accidents contributable to fatigue failure. The order 
of magnitude of F,,, 10~°, is arrived at merely on the 
presumption that fatal fatigue failures should be 
“practically unheard of’ (see Section 4.2). For the 
U.S.A., the actual fatigue failure rate has been reason- 
ably good, but for the whole world the failure rate since 
1947 seems to have exceeded 10~‘, taking into account 
the six known catastrophes due to fatigue. In my 
opinion, this failure rate is completely unsatisfactory, 
but, on the other hand, this should not discourage us, 
as most of the sad occurrences in question could be 
considered as exceptional and due to a lack of apprecia- 
tion of the fatigue problem. 

With respect to the question of redundancy versus the 
“single element principle’? I might point out that the 


object of my paper was not to express any specific 


opinions about the best principles of designing airplanes 
for fatigue, but rather to provide a criterion and some 
methods of calculation by means of which the virtues 
of any particular design principle, detail design, ma 
terial, and inspection procedures can be evaluated, thus 
facilitating an efficient choice. However, I did state 
that it is possible to design a redundant structure so 
that the failure rate would fall below a required upper 
limit, such as 10~° (see Section 3.6) and thus would 
approach zero. Furthermore, a comparison of Fig. § 
with Fig. 9 (or Fig. 46 with Fig. 47) brings out clearly 
the large difference between statically determinate and 


“‘multi-stress-path”’ systems. 


Mr. Rhode: 


probably the most important practical aspects of the 


Mr. Rhode has clearly pointed out 


fatigue problem. 
Mr. Rhode’s plea for 
appreciated, and I think that from this aspect the 


an early solution is fully 


following three phases of development can be visualized, 
although the boundaries are vague: 

(a) Safeguarding the transport planes now flying 
or the new planes for which the design is already frozen 

(b) Designing fatigue-safe planes within the next 
few years —i.e., as long as adequate design information 
with regard to the fatigue qualities of representative 
structural elements, based on sufficiently large sample 
size testing, is still lacking. 

(c) Designing fatigue-safe planes in the more distant 
future when sufficient design information is available. 

During the present phase (a), careful inspection and 
repair is undoubtedly the answer regarding planes with 
sufficient redundancy, whereas for non-redundant 
structures, such as mono-spar and some types of two 
spar wings, careful inspection has to be supplemented b) 
rather stringent requirements about replacements of 
main components after certain, predetermined life 
times, regardless of whether detectable cracks have been 
found. 

As regards designing new airplanes today (b), it is m) 
belief that it is entirely feasible to apply the statistical 
procedure outlined in the paper without having access 
to fully adequate design information of the desired 
scope. Whenever there is a considerable gap between 
the intended type of design of a structural element and 
those laboratory specimens that are most similar to 
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this element and for which fatigue information is avail- 
ble, it should be possible to make conservative assump- 
tions, at each stage of the statistical design procedure 
eg., with regard to standard deviation and P-case, as 
well as degree of redundancy and the cumulative dam- 
age theory, ete. Conducting such a statistical design 
analysis, in combination, of course, with a sound design 
based on past experience, would no doubt give a rather 
clear view, although on the safe side, about both the 
critical failure rate and the repair rate, and it would 
thus indicate what changes in the design, if any, 
must be made to fall below a required critical failure 
rate or a reasonable repair rate. 

For future designs (c), which to an increasing extent 
can be based on adequate design information, the 
statistical fatigue analysis can be conducted with 
correspondingly greater accuracy. 

As to the questions whether we can “‘reduce the 
failure rate to an acceptable level without sacrificing 
the hard-won gains in structural lightness’ and _ spe- 
cifically, ‘‘the effect on weight, in typical cases of limited 
redundancy, of reduction in failure rate from the 
ipparent current level, by one, two, or three orders of 
magnitude,’’ I wish to say the following: By the last 
question, Mr. Rhode indicates his opinion that an 
increase of weight might be confined mainly to cases of 
This, I think, is true and is an 
Although Figs. 30-32 are 


limited redundancy. 
important observation. 
based on rather insufficient sample sizes, they can 
give a rough indication about the weight increase for a 
non-redundant wing structure, if it is assumed that the 
probably somewhat too large scatter band arrived at by 
applying such a high confidence coefficient as 0.95 
roughly outweighs the uncertainties due to the differ- 
ence between these laboratory tests and an actual 
design. The figures indicate that a decrease of the 
failure rate by a factor of 10 would necessitate an 
increase of the fatigue factor, k,, of the order of 7 to 10 
per cent at a limit life of around 50,000 hours, which 
would imply an increase in area of 15 to 20 per cent for 
a decrease of the failure rate from 10~7 to 10~°*. It 
must be borne in mind, however, that such an increase 
of the area is in most cases limited to a few fatigue- 
sensitive joints with comparatively short lengths, which 
means that an area increase of 20 per cent might not 
imply a greater increase of the weight of the wing 
structure than around 1 or 2 per cent. 

In the case of redundant, or ‘‘multiple-load-path,”’ 
Structures, it is still more difficult to make a general 
Statement about the necessary increase in weight. 
For highly redundant structures (4 spars or more) and 
for pressure cabins, thoroughly designed as “‘fail-safe”’ 
structures, it might often be possible that k, equal to 
|.0 for most elements would be quite sufficient to ascer- 
tain a failure rate of for instance 10-%, but then a 
tolerable repair rate might necessitate considerably 
values and thus a critical failure rate much 
less than 10 


higher k, 


For intermediate cases of ‘moderate redundancy ”’ 
lor instance, some types of three-spar wings—either the 
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failure rate criterion or a demand on a maximum repair 
rate might determine the k4-values—i.e., the structure 
weight. It is of course not possible to state anything 
about weight increase compared with current designs, 
except that such increases, if they have to be made at all, 
will be very small. In view of this and what is said 
above, I do not believe that the weight question is an 
argument against the proposed failure rate criterion and 
statistical analysis. On the contrary, it is felt that the 
statistical method is a tool for determining the most 
efficient way of distributing the weight. 

I agree completely with Mr. Rhode regarding the 
importance of extended research on rate of crack 
propagation and the relation between extent of fatigue 
crack and residual strength. The latter item I should 
like to extend to cover also the residual strength of, for 
instance, a multi-spar wing when one of the spars has 
failed completely. The remaining strength necessary 
to classify the structure as fully ‘‘fail safe’ has, of 
course, to be determined by a statistical treatment, 
considering the probability of encountering a strong, 
destructive gust during the same flighi in which the spar 
failed. 

Finally, I might sum up my reply to Mr. Rhode’s 
interesting comments by expressing the opinion that his 
recommendations for satisfactory design for fatigue are 
not to be regarded as an alternative “‘shorter path” to 
ascertaining sufficient safety; they can all be considered 
and treated as sound design principles, the virtues of 
which will appear clearly by a statistical analysis. 

Mr. Schaefer: I quite agree with all the points of 


view expressed by Mr. Schaefer. 


Mr. McBrearty: I very much appreciate Mr. 
McBrearty’s statement that “the aircraft industry 
cannot afford to base its safety criterion on any analyti- 
cal prediction of fatigue life,’’ as has also been empha- 
sized in the paper. In order to avoid confusion, it 
might be pointed out, however, that attempts to predict 
fatigue life are one thing, and an impossible task, and a 
statistical calculation of the fatigue life referred to, or 
tied up with, a certain probability of failure is quite 
another matter, an altogether feasible one. The latter 
method is, in fact, nothing but a rational guide for pre- 
venting structural failures, caused by fatigue, and has 
only the word “‘life’’ in common with the “prediction 
approach.’ However, fatigue cannot, of course, be 
dealt with without accepting its most important feature, 
life. 

I also believe that Mr. McBrearty’s emphatic stress- 
ing of the ‘fail-safe’? concept is highly appropriate. 
However, as stated above, a fail-safe design is not an 
alternative to the statistical criterion and analysis pro- 
posed ; it is rather a rational method of complying with, 
consciously or subconsciously, a certain maximum 
failure rate. 

Regarding the question of whether we should have 
any regulations, I cannot agree with Mr. McBrearty’s 
negative attitude on this point. In view of all the 
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tragic fatigue failures that have occurred, I can see no 
reason whatever why this particular field of aeronautics 
should not be covered by an appropriate criterion or 
requirement. Briefly, there are two main reasons for 
having such a fatigue requirement: 

(1) A recognized criterion of the type suggested, 
combined with statistical analysis, would be of con- 
siderable value for the designer, as it would enable 
him to work to a clearly defined level of safety and to 
comply with it with the least possible structure weight. 

(2) Without a numerically specified rule, some de- 
signers in some countries, where the aircraft industry 
might be less advanced, may not appreciate the serious- 
ness of the fatigue problem, and, if they do appreciate 
it to some extent, they might feel that a design, the 
fatigue qualities of which correspond to a failure rate 
as high as say, 10~°, complies with the current ‘‘re- 
quirement,’’ which prescribes that the probability of 
fatigue failure should be ‘‘extremely remote.’ This 
could easily lead to numerous fatal failures and narrow 
escapes. It might, of course, be stated that such sad 
occurrences would be of no consequence for the well- 
reputed aircraft industries and airlines of the big 
aviation countries, but such an opinion, I feel, would be 
dangerous and inconsistent with the basic idea under- 
lying ICAO—namely, that of attaining a uniform level 
of safety throughout the world. This idea is based on 
the self-evident fact that any accident in commercial 
aviation in any part of the world, regardless of operator 
or type of airplane, does reduce confidence in aviation. 

It might be added that, although the requirements 
are not in the first place written for the highly ex- 
perienced and reliable manufacturers and operators, it 
should be recognized that it is obviously in the interest 
of these well-established companies, both with regard 
to competition and the public's confidence in air trans- 
portation, that international requirements, worthy of 
the name, are issued and applied by all competitors. 
It would appear to be easy for those designers, who 
advocate fully ‘‘fail-safe’’ designs, implying a failure 
rate normally much less than 10~%, to agree whole- 
heartedly with a minimum requirement of the proposed 


type. 


Mr. Schleicher: Mr. Schleicher has presented a 
great number of interesting and important viewpoints. 
I agree with most of them and will therefore only make 
a few comments. 

I was pleased to hear Mr. Schleicher’s opinion that 
the idea of exchanging shear and bending material is 
“economically impracticable” in shell-type construc- 
tions. Such replacements are, however, rather com- 
mon in the normal maintenance work of many oper- 
ators. For future airplanes, it seems more rational to 
design various components for different service or 
limit lives, as Mr. Schleicher suggests. Such items as 
the fuselage and wing center section would then be 
‘airplane,’ and repairs 


designed for the limit life of the 
of these items would be of a minor character and rather 
exceptional. Other components, such as the outer 
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wings, would be designed for a shorter limit life, for 
instance, one third of that of the major portions of the 
airplane. The determination of the fractional life of 
such components is a straight-forward optimum prob 
lem, in which the gain in payload corresponding to 4 
reduced weight (small ky) due to a shorter limit lif, 
has to be balanced against the increased cost of the 
more frequent replacements of such components 
Such a policy is entirely consistent with the failure rate 
criterion and the statistical analysis outlined in the 
paper; it should merely be observed that the sum of 
the critical failure rates of all the components of the 
airplane should not exceed the total maximum failur 
rate. 

Regarding the possibility of using fatigue test data 
plotted on a P-S-N basis in about the same way as the 
90 per cent probability values for static strength of 
materials, it might be said that these two topics are of a 
rather different nature. In case of static strength, 
the 10 per cent deficiency is efficiently covered by the 
static factor of safety, whereas desigaing to a certain P- 
level in respect of fatigue—-for instance, to P = 1 or 
0.1 per cent—does not seem equally rational, in the 
first place because one and the same P-level would give 
widely different failures rates (= level of safety) for 
different service lives, as well as for various degrees of 
redundancy. 

The reason I have omitted the effect of elevated 
temperature on the fatigue life, which is to-day of such 
great interest to military aircraft designers, is that my 
paper was confined to transport airplanes, in the first 
place commercial ones. I might have mentioned, 
though, that within a few decades kinetic heating 
might constitute an additional problem also for trans 
port airplanes, and already to-day elevated tempera 
tures in the neighbourhood of engines are a problem. 
It might be emphasized that whenever elevated tem 
peratures impair the fatigue life or introduce life-related 
effects, such as creep, it would be logical and feasible to 
include all such life-related conditions in the required 
critical failure rate. 

Messrs. Jackson and Grover: Messrs. Jackson and 
Grover emphasize the fact that there is often a very 
substantial difference in the first place between the 
loading and stress conditions in laboratory testing of 
elements and the actual conditions in a complete air 
frame. This fact, which has been extensively discussed 
in the paper, leads the discussors to separate the factors 
that determine the ability of an airframe to resist 
fatigue failure into two groups: those that are com- 
trollable and those that are not. It is, furthermore, 
stated, if I have correctly understood the comment, 
that although the latter factors, the uncontrollable ones, 
in principle can be treated by statistics, a statistical 
analysis of the complete airframe would be impossible 
or of little value as long as the ‘‘controllable’ ‘factors art 
unknown. 

This whole question is undoubtedly a very vital one, 
the answer of which is of importance for the feasibility 
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of the failure rate criterion and statistical methods for 
compliance with it. 
Messrs. Jackson and Grover express the opinion that 


a number of cases the ‘“‘controllable’’ factors can 


i 
hardly be determined, which, as I see it, would imply 
that they are not at all. I feel that a 


greater clarity could be obtained by calling uncontrol- 


‘controllable’ 


lable factors ‘‘factors with statistical scatter’? and by 
calling controllable factors ‘‘factors with other uncer 
tainties’’ or ‘“‘matters of ignorance,’ as has been done 
in the paper. 

Factors with statistical 
’ would be defined as factors, the uncertainty 


scatter or, for shortness, 


‘Type & 
of which is mainly of an inherent nature and can be 
expressed by statistical parameters, such as mean value 
and standard deviation provided that test results 
from large sample sizes or corresponding information 
with a reasonable 


are available or can be assumed 


confidence. Factors with other uncertainties, ‘““Type 
II, would be defined as factors, the uncertainty of 
which cannot be expressed by statistical parameters, 
at least not at a certain level of knowledge. 

In the comment the ‘“‘gust and manoeuvre loads’’ are 

almost entirely” classified as a factor with statistical 
scatter (Type I). I quite agree, but I have not stated 
that the applied loads should best be handled by sta- 
tistical methods. On the contrary, I feel (see for in- 
stance Section 3.5) that recording as closely as possible 
the load history of each individual airplane (or the 
accumulated damage effect of the applied loads), in the 
first place by fatigue metering, constitutes an excep- 
tional and good method of avoiding the lion's share of 
probably the greatest uncertainty of all—i.e., where 
and how the individual airplane is flown. 

The most important factor that in principle belongs 
to Type I seems therefore to be the fatigue qualities of 
the elements of an airframe, because these qualities by 
nature have a statistical scatter. The accuracy with 
which this scatter can be determined in terms of sta- 
tistical parameters is, however, dependent on available 
design information, as was discussed for instance in 
Section 6.1. If there is a considerable gap between the 
actual elements built into the structure and the speci- 
mens of the laboratory tests which are closest to the 
actual elements, this gap constitutes a factor of Type II. 
The most rational way of dealing with this particular 
“gap in knowledge is to make a conservative assump 
tion regarding the difference in the statistical param- 
eters between the laboratory tests and the actual 
elements 

The most important factor of Type II, the uncer- 
tainty of which cannot be grasped, it seems, by statis 
tic? methods, is, as the discussors have emphasized, the 
aciual distribution of the loads and stresses in a complex 
structure for instance, a redundant one. This is a 
typical ‘‘matter of ignorance’ and the magnitude and 
significance of this ignorance is, of course, mainly de- 
pendent on the accuracy with which the interior static 
load and stress distribution is determined under given 
conditions of the applied loads. It seems evident, 
although a bit paradoxical, that designing for fatigue 
calls for a more accurate and thorough static analysis, 


by means of theoretical calculations and tests using 
strain gages, in particular below the limit load, than is 
necessary for determining the ultimate static strength. 
Such a more extensive study of the load distributions is 
an entirely feasible thing and should be conducted 
regardless of the method used for designing for fatigue. 
In some cases it might be possible to determine the 
interior load distribution with a very high degree of 
accuracy, unplying that this uncertainty is eliminated 
and that the loads can thus be entered into the statis 
tical analysis as known quantities. In most cases, 
there might remain a smaller or greater uncertainty, 
and then, again, conservative assumptions have to be 
made regarding their magnitude; but, even so, the 
statistical analysis, as outlined in Section 8.4, is entirel: 
possible and rational. I, therefore, cannot subscribe to 
the opinion that “lack of knowledge of controllable 
factors may make probability analysis quite unrealis 
tic.’ On the contrary, I believe that the true sig 
nificance, in respect of the fatigue qualities of a struc 
ture, of such uncertainties can best be evaluated by a 
statistical analysis of the structure. 

With regard to the influence of stress concentrations, 
it might only be said that this has hardly anything to do 
with the methods used for designing for fatigue. With 
the statistical method it is, of course, equally important 
as with any other approach to reduce the stress concen 
trations as much as possible and to study and assess 
their effect, including their influence on scatter, by 
individual tests with as large sample sizes as possible. 
It might be added that the statistical design procedure 
outlined in the paper is something much more than a 
“statistical allowance’’ It is a method of 
consciously designing for compliance with a specified 
level of safety, taking also such important points as the 
degree of redundancy and the effectiveness of inspec 


for scatter. 


tions into account. 

In addition it might be pointed out that “‘check 
testing’ (Topic B), in particular of complete compo 
nents manufactured by normal production techniques, 
is an excellent supplement to designing for fatigue by 
the statistical method. Besides the possibility that 
such tests might disclose as fatigue-sensitive spots or 
parts of the component which were not suspected 
fatigue-weak in the statistical analysis (and then this 


ads 


analysis has to be modified), such tests serve the 
important purpose of giving an overall check of the 
accuracy of the statistical analysis at the design stage, 
in particular, whether the conservative assumptions of 
the type mentioned above were reasonable. It might, 
furthermore, be emphasized that, while a few check 
tests, due to the scatter, can reveal very little about the 
‘safe’ or limit fatigue life of the structure (or about the 
repair rate to be expected), if studied as an isolated 
test-series, they co tell us a great deal more if they are 
evaluate1 in the light of a statistical analysis of the 
same structure. Only in the latter case they can serve 
as a reliable guide for the determination of a safe fatigue 


life compatible with a required level of safety. 


I should finally like to express my appreciation to the 


discussors for their interesting comments on the paper. 
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SUMMARY 


The separation of a supersonic turbulent boundary layer 
under the effect of 
at J ~ 3 by examining in detail the phenomena of flow over a 


Wall static 


pressures, total head surveys, and optical techniques, including 


a strong adverse gradient has been studied 
step and shock-wave boundary-layer interaction. 
the use of color Schlieren, were used to provide a model of the 


that: (1) 


separated region is small, the phenomenon appears to be different 


separation phenomenon. It was found 
from when the separated region is large. For small regions the 
gradients are stronger, and large changes can occur for small 
7 ~ 8 occurred 


changes in the disturbance. (2) Separation at 


at a pressure ratio of about 2, about two to three boundary-layer 
thicknesses from the start of the interaction and was unaffected 
considerable pressure rise 


by the flow downstream. (3) A 


occurs after the separation point. The peak pressure ratio of 


about 2.6 occurs approximately six to eight boundary-layer 
thicknesses downstream of the start of the interaction. (4) 
These results, combined with other investigations, indicate an 
extremely small change of separation pressure ratio with Mach 
The effect of 


nomenon appears to be negligible. (6) 


Number. (5) Reynolds Number on the phe 
The detailed model, 
showing considerable pressure rise after separation, appears to 
be susceptible to the type of theoretical treatment proposed by 
Crocco and Lees. However, more results on mixing rates are 


needed for its direct application. 


NOMENCLATURE 


x = distance measured along tunnel wall from face of step, in 
x = distance from point of impingement of shock if no 


boundary layers were present, in. 


y = distance measured perpendicular to the wall, in 

h = step height, in. 

P = local static pressure 

Py) = stagnation pressure 

P, = free-stream static pressure 

P, = static pressure behind generated shocks (as measured 
on shock generators ) 

P, = total head pressure 

MJ = Mach Number 

6 = boundary-layer thickness, in 

6 = nominal wedge angle (flow deflection angle, degrees) 

’ = velocity, ft. per see 
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When the 


INTRODUCTION 


AERODYNAMICS, a 


i HIGH-SPEED major deviation 
of the actual flows from those predicted by potential 


theory are caused by viscous or boundary-layer effects 


The deviations are particularly strong in adverse 
pressure gradients. The high-speed viscous effects 
cannot be adequately determined by theoretical 


methods, and, in fact, there are still many unanswered 
questions about boundary layers in low speed flows 
This is especially true for turbulent boundary layers 
A large number of experimental tests and the quasi 
theoretical work provide information as to general 
trends for flows over flat plates or in mild gradients 
However, there is little available information to predict 
separation or the flows once separation occurs. In 
supersonic flows, these phenomena are somewhat 
more critical since there are many regions of extremely 
strong gradients .e., in diffusers, on control surfaces, 
and at the trailing edge of wings. It is difficult to 
study boundary layers in supersonic flows without an 
understanding of the subsonic phenomenon, even 
though in some ways the supersonic problem is simpler 
The effects of the pressure gradient can be limited in 
extent, separated regions can be buried in completely 
supersonic fields, and, in general, more control can be 
exerted in the imposition of desired gradients. 

In the last few years, many studies of supersonic 
boundary layers in adverse gradients have been 
carried out both theoretically and experimentally. 

It is already well known that laminar layers separate 
for extremely small imposed gradients, and_ there 
seems to be some indication that the theoretical work 
predicts the phenomenon. The 


available roughly 


results for turbulent boundary layers, which can 


support considerably higher pressure gradients, are 
of more practical interest and have been the subject 
of rather intensive recent work. 
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Simplified sketch of the flow of a supersonic turbulent 
boundary layer over a forward facing step 
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Fic. 3. Wall static pressure distribution for 0.20-in. step of step heights 
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Fic. 6. Maximum wall static pressure gradients for various step 
heights 


This paper is particularly concerned with the separa- 
tion of a turbulent boundary layer for the special case 
where separation is caused by extremely strong gradi- 
ents for example, an incident shock, a corner, a 
sudden change in flow area, or transition from super- 
sonic to subsonic flow through a normal shock. It ts 
important to define separation since it has not been 
done in the case of most reported investigations. In 
addition, some method must be available for de- 
termining the actual separation point. The usual 
definition is the point of zero skin friction or zero 
velocity gradient at the wall. Direct skin friction 
measurements have been made for cases of zero pressure 
gradient but are not satisfactory in the presence of 
the high gradients observed in these tests. The 
present study has, therefore, defined the separation 
point on the basis of zero velocity gradient normal to 
the wall. A small total pressure probe that permitted 
readings approximately 0.004 in. from the wall (total 
boundary-layer thickness of 0.17 in.) and the measured 
wall static pressures were used for the determination 
of velocity gradient. The same method was used for 
all tests, and the results are, therefore, consistent 


within themselves. 
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Fic. 7. Pressure ratio at separation and the maximum pressure 
ratio measured for various step heights. 
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The information that is needed is (a) the strength oj 
the disturbance which will separate a turbulent bound 
ary layer, (b) the effect of different types of dis 
turbances, (c) the effect of Mach and Reynolds Num 
bers on the phenomenon, and (d) the flow pattern 
downstream of the separation point and how is it 
influenced by (a), (b), and (c). More fundamentally, 
what is really needed is (e) a detailed model of the 
separation phenomenon and the mechanism of separa 
tion. 

The present paper is part of a detailed study oj 
separated flows. It presents some results obtained 
thus far and an attempt to construct a model of the 
separation phenomenon. Together with other available 
data, it presents a picture of the phenomenon as a 
guide for further theoretical and experimental study 
Some of the results are perhaps immediately applicable 


to current problems. 
EXPERIMENTAL STUDIES 


Experimental Difficulties 


The two-dimensional phenomenon appears to be 
the simplest case to work with from a_ theoretical 
point of view. It is, however, unlikely that many 
two-dimensional separation phenomena would occur 
in practice, although there are some cases that approach 
it closely. If an experimental study is to be made 
with the primary intent to provide fundamental data, 
the two-dimensional approach seems practical. How- 
ever, since the separation of a supersonic boundary 
layer is going to be associated with strong gradients 
and mixed flows, it is extremely important that the 
assuinption of two dimensionality be examined critt- 
cally. Results reported in reference 9 and some recent 
unpublished work of the Gas Dynamics Laboratory, 
Forrestal Research Center, Princeton University, have 
shown that a considerable number of tests, supposedly 
two-dimensional, actually are far from it. The 
eifects of using shock generators, wedges, or steps which 
do not completely span the tunnel give results that 
deviate considerably from those obtained when the 
flows are proved two-dimensional. For example, the 
final pressure that one would expect to get for flow 
in a corner must approach the theoretical calculated 
pressure obtained by considering a shock at the 
junction of the two walls. If the flow is not two- 
dimensional, however, the final pressure may be as 
much as 50 per cent less than the theoretical one. 
The theoretical value is approached closely by a com- 
pletely two-dimensional phenomenon. The _ three- 
dimensional effects make it extremely difficult to use 
directly a large amount of the available published data. 
Additional results are also questionable because of 
extraneous effects of expansions striking the inter 


action region. These expansions that come {from 
corners and the rear of wedges can have large 


effects on the interaction and separation phenome- 


non. 
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neth of i ah i, 7 and may be summarized as follows: Separation 
‘ pe 
occurs at a pressure ratio of about 2.1 independently 





bound 
of dis i0 of the step height. The peak pressure ratio depends 
-Num on the height of the step up to about two boundary 
layer thicknesses. Above this step height, the peak 








vattern | 
v is it 09} 4 pressure ratio is constant. The pressure gradient is a 
ntally, | - maximum f¢ oT small step heights and becomes constant 
of the os! fe) . | at a step height of approximately two boundary lay eI 
epara i S\N thicknesses. This appears to be opposite to physical 
o | reasoning, since one would expect a small step to affect 
idy of 07} ty a the lower part of the boundary layer with its associated 
tained P | | lower energy level. The pressure gradient results for 
of the R o6 4 small steps have a parallel in the weak shock boundary 
rilable layer interaction discussed later in the paper. The 
Tr | occurrence of separation causes no strong change in 
study 05 a the general phenomenon. The peak pressure rise 
licable that is experienced is the result of the pressure rise 
up to the separation point plus an additional rise due 
06 to the mixing phenomenon. The mixing phenomenon 
may account for as much as 20 per cent of the overall 
03/- pressure rise. There appears to be a definite limitation 
to the pressure caused by this phenomenon, since 
02) increasing step height does not give continuously 
to he increasing peak pressures. 
etical . 
aun Ol: Total Head Surveys 
occur Since the interaction region seems to reach some sort 
roach 0 50 5 S of consistency with step height for large step heights, 
made 
data, itn peptone 
Fic. 8. Schematic drawing of interaction for 0.30-in. step in f 
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criti- One technique for studying separation has been to os m 
scent force separation by means of an upstream facing step 5 5 
tory, mounted on a flat surface (Fig. 1). If tests are run a 
wee at single Mach Number and with a given boundary 
sedly layer, the only parameter that can be varied is the 

The step height. Such a series of tests have been made and 
hich reported in reference 14. The experimental setup is STATON Re-t7 STATION X+-16 
that relatively simple. The technique used was to move the o* re x 5” se a: 
the step with respect to a single orifice in the wall, thus id e 

the obtaining data on wall static pressure at stations as Fic. 9. Total head surveys through separated regions at various 

; ‘ stations for 0.30-1n. step 

flow close together as desired. Static pressures were also 
ated obtained on the face of the step to obtain additional 

the information on the gradients in this region. An | pmet sure wee ea or Sa 
two- extremely small total head tube (0.007 in. in height 
e as as compared to the 0.17 in. initial boundary-layer 
one. thickness) was used to survey in the separated region 
‘om- and was pointed upstream or downstream as desired. w * uv? 
ree- g g 

“ Wall Static Pressure Results : > 
ata. Typical wall static pressure curves for several step 

of heights are shown in Figs. 2 to 4. The separation 
ter- points are indicated on each of these curves. A 
rom summary of wall static pressure results for all the steps STATION X+-18 F STATION Xe 
irge tested are shown in Fig. 5. As is obvious, there is a a 2 3 4 5 o 2 3 4 5 
ine change in these curves as the step height varies. 4 


Analyses of the above curves are shown in Figs. 6 and Fic. 9. Continued 











418 JOURNAL OF THE AERONAUTICAL SCIENCES—JUNE, 1955 
a Oe “7 6 T r 
3 x WALL STATIC PRESSURE 3 x WALL S P f 
| 4 
| | \ | 
FS 3 ™~ 
2 < | 5)- ‘a 4 
> > \ | 
) 
| > | 
STATION X*-13 i STATION Ke~-12 : | 
5 é # . 
0 rs 3 4 « 0 i 2,3 4 5 4t a 
R e 
Fic. 9. Continued. | 
” 
= | 
—s om | 
al 
e | 
a 
a 
oe 7 ys 
a 
x WALL STATIC PRESSURE 2r f ; 
ref 
fe) 
9 
4} J pi 
IF ° 4 
3} | it STATION X=-0.6 
A} Q. | wal 1 1 | 
+ .@) | 2 B..' 4 S 6 
S : 
= | \ % 
> | p Fic. 9. Continued 
2t 
10F 10 
© FORWARD TOTAL HEAD o FORWARTL TOTAL HEAL 
Og} REVERSE TOTAL HEAD 08 a REVERSE HEAD 
It xWALL STATIC PRESSURE WALL S RESSUR 
de w 
°) ¥ 
$ 9 6 5 06 
~ 04} = on 
; STATION X*-10 | 02} 02 " 
L 7 2 gtaTION x==13 ; STATION X*-12 
0 2 o__*: o| : 
= p 3 4 5 6 05 07 09 05 07 09 
7 R R 
R Rg 4 
Fic. 9. Continued 











Fic. 9. Continued 























oO 


INGCHE 
oO 
lool 


deta 
phet 
heac 
upst 
ate 
flow 
smal 
toge 
lave 
ary- 
inte 
half 
the 


Stat 


oe 





ool _ 


: | 








SEPARATION OF SUPERSONIC 








14- 
FORWARD TH ° 
2, sREVERSE TH 4 ® 
xWALL S P i 
“ oFORWARD TOTAL HEAD 
0 4 aREVERSE TOTAL HEAD 
0 O8 x WALL STATIC PRESSURE 
a = 
<= 08 oS 06 
z z A 
06 ~ 04 3 
04 ° 02 4 
7 STATION X*-10 f 
02 6 OL 
' 05 o* 09 
STATION X*-O6 4 A 
0 * 4 = 
05 07 09 “ 
R 
R 
Fic. 9 Concluded 
M=1.6 M=2.3 M=29 mM=4.0 
a sci ll cla hile corso 
I ; 
— 
( ia 
INFLUENCE REGION 
if 
fe) I 2 3 


5 


Calculated propagation of a disturbance through a 
turbulent boundary laver assuming a 1/7 profile 


detailed total head surveys were made through the 
The total 
head tube mentioned previously was arranged to face 
By making surveys 


phenomenon for a 0.30-in. step (Fig. S). 


upstream as well as downstream. 
at each station with both positions of the tube, the 
flow direction at each station could be obtained. These 
small-scale studies carried out near the wall are shown 
together with the full profiles in Fig. 9. At station 
—1.7 the interaétion has just started and the boundary 
layer is undisturbed. At station —1.5 (over a bound- 
ary-layer thickness downstream of the beginning of the 
interaction) the wall pressure has risen to one and one- 
half times the initial pressure and the lower part of 
the boundary layer has begun to show a deceleration. 
Station —1.4 shows still no effect of the phenomenon 
At station 


a small compression fan has reached the outer 


on the outer edge of the boundary layer. 
~ 1.3, 
edge of the boundary layer, but the detailed study with 
the upstream and downstream facing tube shows that 
occurred. The pressure at 
At the 


next survey station, —1.2, separation is indicated by 


Separation has not yet 
this point is about twice the initial pressure. 
the detailed survey. Further downstream at stations 
—-0.S and —0.6, the separation region has become 
large, there is a wide mixing region, a relatively uniform 
external region, and then the shock caused by the 
coalescing of the compression waves from the be- 


ginning of the interaction. 
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The above results are sufficiently detailed to con 
struct a model of the separation phenomenon. It is 
instructive before doing so to examine how a dis- 
turbance on the wall is propagated through a boundary 
layer. A typical turbulent boundary layer in super 
sonic flow can be approximated by the well-known 
1/7 power profile. A disturbance on the wall will 
propagate outward into the stream from the sonic line 
in the boundary layer along a Mach line. Since the 
Mach Number through the 
this Mach line will be curved and will take the ap 
rhese calculations 


boundary layer varies, 


proximate shape shown in Fig. 10. 
have been carried out for several Mach Numbers to 
show the eifect of this variable. This figure gives an 
indication of the region of influence of a small dis 
turbance such as must occur at the beginning of the 
separation phenomenon. Using the results for Mach 
Number 2.9 and combining with the previous detailed 
surveys, the model shown in Fig. 11 is obtained. 
Several important points should be noticed. 

(1) For the initial region covering approximately 
two boundary-layer thicknesses, there is no separation 
even though the pressure rises to almost twice the 
initial value on the wall. In this region, normal 
gradients are extremely large, about twice that along 
the wall. The boundary layer in this region experiences 
considerably higher pressures near the wall than at 
the outer edge, a condition that invalidates the use 
of the ordinary boundary-layer equations in this area. 
The flow is completely shock free in this region (to 
within the accuracy of the experiments 

(2) At just about the station at which separation 
occurs, enough of the compression waves originating 
at the front of the interaction have coalesced to form 
an extremely weak shock just outside the boundary 


layer. This shock gets stronger as it extends further 
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‘ato the stream, and more of the compression waves 
The zero velocity line is inclined at 


coalesce with it. 
It is difficult from the 


an angle of approximately S 
total head measurements to diiferentiate between the 
edge of the mixing region and the strong compression 
waves between it and the shock. 

3) At six to eight boundary-layer thicknesses 
fom the beginning of the interaction, the mixing 
region, the essentially uniform external flow, and the 
shock are well separated and defined. Using the 
pressure relationship across the shock in this region 
eight boundary-layer thicknesses), the static pressure 
behind the shock was found to be about 5 per cent less 
than that measured on the wall. 

!) There is a continuous pressure rise along the 
wall up to about the eight boundary-layer thicknesses 
station, at which point the zero velocity line is ap- 
proximately one boundary-layer thickness from the 
surface. Beyond this point there is a small pressure 
decrease, probably associated with the vortex in the 
Because of this, no further studies were made 


corner 
bevond this point. In the reverse flow part of the 
separated region, flows as high as J = 0.3 were found. 


They were highest at the last station studied and 
decreased as the separation point was approached from 


the downstream direction. 


SHOCK-WAVE BOUNDARY-LAYER STUDIES 


In an attempt to determine how the phenomenon is 
affected by the method of imposing the gradient that 
causes separation, the previous results have been 
compared to those obtained by studying the impinge- 
ment of a shock wave on a turbulent boundary layer 
on a flat wall. These results, obtained at the Gas 
Dynamics Laboratory of the James Forrestal Research 
Center, Princeton University, have been previously 
reported!! and so will be reviewed only briefly. Typical 
pressure distributions on the wall for several shock 
strengths are shown in Figs. 12-14. A summary of 
the pressure distributions obtained for a series of 
incident shock strengths ranging from a pressure ratio 
of about 1.6 to 3.1 is shown in Fig. 15. The changes 
in the phenomenon with shock strength are noticeable 
and are summarized in Fig. 16. There are strong 
changes in wall pressure gradients until shock pressure 
ratios of the order of 3 are approached. Total head 
tubes were again used to survey the separated region 
and to indicate the beginning of separation. Some 
results for an extremely strong shock (P2/P; = 2.9 
are shown in Fig. 17. For all shock strengths above 
/', Separation was found at a wall pressure ratio of 
about 2, approximately two boundary-layer thicknesses 
downstream of the beginning of the interaction. On 
the basis of the optical studies and the inflection in the 
static pressure curve for 9°, separation must also be 
experienced for this case. The separated region was, 
however, too small to be detected by the techniques 
used. 

The development of the phenomenon may be de 


scribed as follows (Fig. 1S 
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incident shock pressure ratios 


(1 For weak shocks, there is no separation, the 
reflection is regular (single reflected compression wave 
and the boundary layer is thinner after the interaction 
than before. This type of phenomenon is characteristic 
of the pressure distribution of Fig. 12. It should be 
pointed out that pressures of the order of 2.6 are reached 
without any indication of separation. 

(2) For stronger shock waves, the beginning of 
separation is evidenced by a departure from the 
regular reflection pattern and a spreading out of the 
interaction region. The final boundary layer is still 
thinner than the original boundary layer, and the 
separated region is extremely small. This is charac 
teristic of the pressure distribution of Fig. 13. The 
reilection has broken up into an initial compression, an 
expansion, and a final compression. For somewhat 
stronger shocks, the phenomena begin to spread out, 
and the final boundary layer is thicker than the initial 
one. 

3) For extremely strong shocks, the region of 


influence has become large, and the various com 
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ponents of the interaction phenomenon are well- 
defined and separated by relatively large distances. 
This is characteristic of the pressure distribution of 
Fig. 14. 
layer thickness in height, and the boundary layer 
after the interaction is thicker than the initial boundary 


The separated region approaches a boundary- 


layer. 

To summarize these results: (1) Below an incident 
shock pressure ratio of about 1.7 (overall pressure 
ratio = 2.6) the interaction is similar to the theoretical 
inviscid case. The incident shock is reflected as a 
single compression, there is no separation, the pressure 
rise on the wall is smooth and complete in about 
two to three boundary-layer thicknesses. (2) Above 
shock strengths of 1.75 separation occurs about two 
boundary-layer thicknesses from the beginning of the 
interaction at a wall to initial static pressure ratio of 
about 2. The point of separation and the pressure 
ratio at separation are independent of shock strength 
over the range tested, although there are considerable 
changes in the phenomenon up to shock strengths of 
~2.5. Above this point, the phenomenon appears 
to have become regular, growing only in size but not 
changing geometry with increased shock strengths. 


COMPARISON OF SEPARATION RESULTS 


A comparison of the two detailed studies presented 
show several interesting phenomena are taking place. 

(1) When the separated region is small, there 
seems to be a considerably different phenomenon than 
when the separation is large. Both the extremely 
small step and the weak shock show strong changes 
as the separation region grows in size until the height 
of the separated region approached a boundary-layer 
thickness. 

(2) When the separated region becomes large, 
of the order of one boundary-layer thickness in height, 
both the step and incident shock results seem to ap- 
proach relatively constant conditions where bigger 
steps and strong shocks are evidenced only by a 
change in the scale of the phenomenon but not in its 
geometry, pressure gradients, etc. 

(3) It is interesting to compare the wall static 
pressure curves for one of the large steps with that 
obtained for a strong incident shock, and this is shown 
in Fig. 19. There is excellent agreement between the 
two sets of data up to seven or eight boundary-layer 
thicknesses from the beginning of the interaction. 
The separation point in both cases falls at the same 
pressure ratio and station. The detailed surveys 
through the separated region are also similar. 

(4) The excellent agreement of (3) is obtained in 
spite of the considerable difference in the downstream 
flows. For the step, high normal gradients are ex- 
perienced near the face of the step, and a vortex of some 
considerable strength is located in this region. For 
the shock-wave boundary-layer interaction, no such 
normal gradient has been found, but the reflection of 
the impinging shock from the separated layer results 


in a considerable change in flow direction and a syb.- 
sequent large rise in pressure. It appears, therefore. 
that the separation and the associated phenomenon 
after the separation point are relatively independent of 
how the separation is caused. This is true for a region 
of the order of seven or eight boundary-layer thick. 
nesses from the beginning of the phenomenon. 

(5) It is of interest to examine the maximum 
pressure rise that can be obtained by this combination 
of separation plus the following mixing phenomenon 
There seems to be a definite limit as evidenced by the 
maximum value reached for large step heights. This 
pressure ratio, of the order of 2.6 for the step, is about 
the same value that was reached for the extremely 
strong shock boundary-layer interaction just befor: 
the incident shock struck the separated boundary 
layer. It would be interesting to see further work at 
higher shock strengths. On the basis of this investiga 
tion, the pressure ratio should level off at approximately 
2.6, and there should be no further increase until the 
shock strikes the laver. 

(6) The results of (4) and (5) indicate that the 
pressure rise obtained after the flow separation de- 
pends, in some way, on the height of the separated 
region. Some preliminary results on another study 
indicate that lower peak pressures are obtained if the 
wall after the separation point curves away from the 
main flow. This moves upstream the point at which 
the separated region is about one boundary layer 
thick, cutting down the length available for mixing. 


REYNOLDS NUMBER EFFECTS 


Little data are directly available on the effect of 
Reynolds Number on separation phenomenon. How- 
ever, reference 21 refers to results obtained by Lange 
on the effect of Reynolds Number on peak pressure 
ahead of a step. These results are shown in Fig. 20 
In reference 16, the normal shock studies were made on 
two boundary layers that differed in Reynolds Number 
by a factor of 2. The results seem to indicate that 
over a fairly wide range of Reynolds Numbers there 
are little or no effects. This should be expected since 
the peak pressure is a combination of separation and 
mixing phenomena. Since the studies are concerned 
only with turbulent layers, it seems reasonable to 
expect no strong change in either of these phenomena 
with variable Reynolds Number. 


MACH NUMBER EFFECTS 


Fig. 10 shows the change of influence region of a 
disturbance with Mach Number. As the Mach 
Number decreases, there would be less spreading out 
of the phenomena due to the propagation of the dis- 
turbances perpendicular to that wall. However, with 
decreased Mach Number, the subsonic region increases 
in height. The propagation along the wall of a dis- 
turbance should be some function of this subsonic 
height. In addition, there are, of course, considerable 


changes in mixing rates with Mach Number. De- 
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tailed data on the separation point are available only 
from references 8, 11, 14, and 16. The results of 
these four studies are summarized in Fig. 21. The 
work at low Mach Numbers by Fage and Sargent and 
by Ackeret, Feldmann, and Rott used normal shock 
waves at varying Mach Numbers to impose the pressure 
gradient. The work of the latter group did not extend 
far enough to obtain separation, but their results 
defined a definite region in which no separation occurs. 
The work of Fage and Sargent agrees well with these 
results and, in addition, has results in the separated 
region. These two studies combined with the work 
described herein show that the separation of a turbulent 
boundary layer is not an extremely strong function 
of Mach Number. At a Mach Number of 1.5 to 1-4, 
the boundary layer separates at a pressure ratio of 
1.9 to 2.0, while at a Mach Number of 2.9, the separa 
tion pressure ratio is 2.0 to 2.1. These results indicate 
that the actual occurrence of separation is not primarily 
atlected by the supersonic part of the boundary layer, 
since the energy in this region varies considerably and 
depends on the Mach Number. The 
separation phenomenon more likely depends on the 


free-stream 


subsonic-transonic lower region of the boundary layer 
which is always present and independent of free-stream 


conditions. 
CONCLUSIONS 


The results of the two investigations described and 
of other published results lead to the following con- 
clusions. 

(1) When the separated region is small, the phe- 
nomenon appears to be different from when the separated 
region is large. For small regions, stronger gradients 
may be experienced and large changes obtained with 
small changes in the disturbance. The phenomenon 
is associated with extremely strong gradients along 
and perpendicular to the wall. It seems likely that 
under such conditions the mixing phenomenon may 
differ widely from those usually expected under normal 
conditions. The basic 
known, but obviously the gradients normal to the wall 


This invalidates the use of the 


parameters are as yet un- 


have a strong effect. 
ordinary boundary-layer equations in this region. 

(2) The occurrence of separation of a turbulent 
boundary layer from a flat wall, at least for the two 
cases tested, appears independent of how the strong 
gradient Mach Numbers near 3, 
deceleration to the separation point at a pressure ratio 
between 2 and 2.1 occurs in two to three boundary- 
layer thicknesses and is unaffected by the flow down- 


is imposed. At 


stream. 

(3) The occurrence of separation is not indicated 
by a cessation of pressure rise. After the separation 
point, a considerable pressure rise occurs for distances 
of the order of five to six boundary-layer thicknesses. 
The gradient decreases after the separation point, 
the pressure reaching a maximum approximately 
seven or eight boundary-layer thicknesses from the 


beginning of the interaction. ~This peak pressure may 
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be associated with the fact that the zero velocity 
line in the separated region has reached a position 
approximately one boundary-layer thickness from th¢ 
surface. 

The maximum or peak pressure that can be obtained 
depends on a combination of separation plus a mixing 
Of the order 
of 20 per cent of the total pressure rise occurs in the 


phenomenon in the separation region. 
separated flow at 1J = 3. There is some indication 
that this part of the pressure rise decreases with Mach 
Number. 

(4) The pressure ratio for separation has been 
Mach 
varying from 1.9 to 2 at M ~— 1.35 and 2.0 to 2.1 at 
M =— 2.9. 
low Mach Number case and 0.2 for the higher Mach 


found to be almost constant with Number 


This corresponds to a Ap/q of 0.7 for the 
Number case. 


(5) The 
effects show extremely small or negligible effects on 


available results on Reynolds Number 


peak ratios obtained ahead of steps. It 


seems likely that the separation pressure ratio will 


pressure 


also be relatively unaffected by Reynolds Number 
variation. 

(6) The detailed model shows that at the separation 
With 
significant pressure rises occurring after separation, 


point strong normal gradients are experienced. 


the only theoretical approach that seems applicable 
to the overall phenomena appears to be that of Crocco 
and Lees. 
rate and how it is influenced by the strong normal and 


Considerably more information on mixing 


longitudinal gradients must be obtained, however, 
before the theory can be applied to a wide variety of 


cases. 
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Laminar Heat Transfer in Two-Dimensional 
Subsonic Effusors: 


PAUL A. LIBBY? anp MARIAN VISICH, Jr.? 
Polytechnic Institute of Brooklyn 


SUMMARY 


The laminar heat transfer in two-dimensional subsonic effusors 
such as are of interest in hypersonic wind tunnels is studied 
The laminar boundary-layer equations for flows with axial pres 
sure gradient and heat transfer are solved following the extension 
of the von Karman method presented in reference 1. Fourth 
ind fifth-degree polynomials in the velocity and stagnation en 
thalpy profiles are used. A qualitative discussion of the influ 
ence of the axial pressure gradient on local heat transfer is fol 
lowed by the calculation of the heat transfer for two contours, 
one more or less conventional and the other one which was ex 
pected to have reduced heat transfer rates in the throat region 


This expectation is borne out 


INTRODUCTION 


5 ben EFFUSORS OF HYPERSONIC WIND TUNNELS, 
which involve operating conditions of high stag- 
nation pressures and temperatures and structural re- 
quirements of small thermal and load deformations, 
are subjected to large rates of heat transfer. Since 
l:ttle is known about transition from laminar to turbu- 
leat boundary layers under the conditions of large 
axial accelerations and large rates of heat transfer exist- 
ing in such effusors, it is not possible to predict whether 
laminar or turbulent heat-transfer rates should be 
For conservative design purposes it is clear 
However, little 


applied. 
that turbulent rates should be used. 
appears to be known about turbulent boundary layers 
with axial pressure gradient and large rates of heat 
transfer. 

On the other hand recent interest in compressible 
laminar boundary layers with axial pressure gradient 
and heat transfer has been stimulated by the problem 
of aerodynamic heating in high-speed flight and has re- 
sulted in the development of a method of analysis! 
which leads to fairly accurate rates of laminar heat 
transfer without excessive computational difficulty. 
The application of this method to the subsonic effusor 
problem, despite its present restriction to laminar flow, 
is of interest in that contours leading to reduced rates of 
laminar heat transfer may be found and may infer re- 
duced turbulent heat-transfer rates at least for the 
throat region where it is most desirable to reduce the 
deformations the local heat 

Such modifications of the subsonic effusor 


thermal and therefore 


transfer. 
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contour are justified from a design point of view since 
their aerodynamic function— namely, to accelerate the 
flow from stagnation conditions to uniform sonic flow 
can apparently be realized by a large 
Therefore, it 


at the throat 
number of greatly different contours. 
may be appropriate to design the effusor from an opti- 
mum heat-transfer point of view. 

In this paper the method of reference | has been 
applied to the analysis of the laminar compressible 
The 


von 


boundary layer in a two-dimensional effusor. 
method, which is based on an extension of the 
Karman integral analysis along the lines of Kalikh 
man,” is outlined here; certain modifications found to 
be desirable from a computational point of view as a re 
sult of the work presented here have been made, but all 


significant details may be found in reference 1. 


Basic EQUATIONS 


Fig. 1 shows schematically the system under con- 
sideration. A two-dimensional effusor of typical con 
tour is attached to a settling chamber in which exist 
(ps) temperature 


A s-n coordinate system with origin located at 


specified stagnation pressure and 
(7). 
the attachment point of the effusor and the walls of the 
settling chamber is used to locate points within the 
boundary layer. The effusor accelerates the flow from 
stagnation conditions to a local Mach Number of unity 
at the throat while the supersonic nozzle downstream 
of the throat further accelerates the flow to the desired 
test section conditions. As in all boundary-layer cal- 
culations, the potential flow characteristics along s 
starting from the stagnation point (s = 0) are assumed 
known. 

The basic partial differential equations describing the 
two-dimensional laminar compressible boundary layer 
of a perfect gas with a constant Prandtl Number of 
unity, a Chapman viscosity-temperature relation, and 


a constant coefficient of specific heat are: 
(UU), (1 


puu, + pvu, = —p, + 


Pr = Q; —p; = pl yd, ds) 2 
(pu), + (pv), = O (3 
pull, + prll, = (ull,,), (4) 
p= pRT (5 
w= Cyo(T/7 (6 
where 
s = coordinate along surface 
n = coordinate normal to surface 
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p = mass density of gas 
u = velocity component in s direction 
v = velocity component in ” direction 
p = static pressure 
K = coefficient of viscosity 
IT = (u*/2)-+ c,7, local stagnation enthalpy 
R = gas constant 
7’ = static temperature 
C = VTI,,/T, (To + S)/(T. + S), Chapman con 
stant 
S = Sutherland constant, 216°R. for air 


and where the subscript zero denotes some arbitrary 
reference conditions and the subscript w denotes con- 
ditions at the wall. The assumptions of Prandtl 
Number unity and of linear viscosity temperature rela 
tion modified after Chapman have been used extensively 
in boundary-layer analyses and have been considered 
satisfactory for many engineering calculations. 

Eqs. (1)-(6) can be formulated for approximate 
solution by an extension of the von Karman integral 
technique; that is, Eqs. (1) and (4) are multiplied by 
dn and integrated from the wall to the edge of the 
boundary layer 6 = 6(s). By applying the continuity 
equation [Eq. (3)] and the Dorodnitzin transforma 
tion* and by rearrangement, the following two in 
tegral differential equations are obtained: 


(F,/2)A’ + F,AfIn (F;G)]’ + 
FoA(In(U,/Uo)]' = ((u/Ud se ( 


(F;/2)A’ + FsAlln (F3G)]’ = (7/Eh),]e (8) 
where 


>] 
F, 3 | (u/l4) [1 — (u/U,)] dr 


ad 
Fy =f1 + (y — 1) (W?/2)] | ((/i) — 
(u/l')*] dr 

F; = (w/U',) [1 — UT/MN)] dr 

A = pyl pol 6,7/ um 

G? = pil ys / pol pm 

7, = t/6, 
and where 6, = 6,(s), the boundary-layer thickness in 
the Dorodnitzin s-f plane, y = ratio of specific heats, 
MJ; = potential flow Mach Number, and (_ )’ denotes 


differential with respect to & = pylys/u» and the sub- 
* The Dorodnitzin transformation involves the definition of a 
new normal coordinate ¢ such that for a given s, dt = (p/p,) dn and 
thus the introduction of a boundary-layer thickness in the s-f 


plane given by 


* 5 , ba) 
6 = J (p:\/o0) dt = J (7/T,) dt 
i 0 


Since skin friction and heat transfer can be calculated from the 
boundary-layer characteristics in the s-¢ plane, the inverse trans 
formation must only be performed if the physical boundary 


layer thickness or profiles are required. 


THE AERONAUTICAL SCIENCES—JUNE, 1955 


script unity denotes quantities in the potential flow at 
any value of s. 

Continuing the integral method, one now solves 
Eqs. (7) and (8) approximately by assuming profiles 
for u/U, and ////7, in terms of 7, satisfying boundary 
conditions at the surface (r = 0) and at the outer edge 
of the boundary layer (r = 1). With these profiles, the 
F integrals can be evaluated in terms of A and one other 
parameter in the assumed profiles to be determined by 
the differential equations. 

In reference | sixth- and seventh-degree polynomials 
were assumed for the velocity and stagnation enthalpy 
profiles, since it was planned to use these for laminar 
boundary-layer stability calculations which require 
great accuracy in the profiles. For heat-transfer cal 
culations fourth- and fifth-degree polynomials are usu 
ally considered satisfactory and are therefore used here 

Thus the velocity and stagnation enthalpy profiles 


are taken to be 


u/U, = (27 — 27? + 374) + 
(3/3) (r — 37° + Br r’ \y 


and 


H/H, = 1 — (1 — W) (1 — 107* + 1ldr* — Gr) + 


bi(r — Gr? + Sr? — 3r*) (10 


where 


ba = (WA 2M) (dM, dé) 
W = H,/M 


and where 0; is taken as the additional parameter to be 
determined along with A from the solution of Eqs. (7 
and (8S). Examination of Eq. (10) indicates that phys 
ically }; is the slope of the stagnation enthalpy profile 
at the wall in the s-f plane. The parameter IV by defi 
nition gives the wall temperature in per cent of stag 
nation temperature and, since V,, = 1, as a per cent 
of recovery temperature. It is pointed out that with 
the restriction to fourth- and fifth-degree polynomials 
the wall temperature may be considered variable with- 
out great difficulty. This was not the case in reference 
1, where the higher degree polynomials and their asso- 
ciated additional boundary conditions were significantly 
simplified by the assumption of constant wall temper 
atures. 

In the effusor with water or air cooling, the real heat 
transfer problem is most closely approximated by re 
lating the wall temperature to the heat transfer-rate 
that is, by relating b, to W. Although in principle this 
involves no computational difficulty, in the interest of 
simplicity the wall temperature has been assumed con 
stant here. This assumption implies a variation 0! 
coolant temperature along s which may not be in ac 
cordance with the cooling passage design. All that can 
be said of this assumption in general is that in regiot 
where the real coolant is at a lower temperature than 
that indicated by the assumption of constant wall tem 
and heat transfer 


1S 


perature, the wall will be cooler 
higher. This higher rate will lead to actual rates 0! 





fro 
\ ari 
TIVE 
Fro 
thu: 


bec 


He 
Wha 
pend 


ing f 


Il ( 


2M, 


wher 


K 


LN 


and | 


comp 


flow at 


solves 
profiles 
undary 
er edge 
iles, the 
1e Other 


ined by 


10mials 
ithalpy 
aminar 
require 
fer cal 
re usu 
d here. 
profiles 


(10 


- to be 
js. (7 
phys 
profile 
y defi 
stag 
r cent 
> with 
ymials 
with- 
rence 
asso- 
-antly 
mper 


heat 
yy re 
ate 

e this 
ost of 
| con 
m ol 
n ac 
t can 
gions 
than 
tem 
nsfer 


es Ol 





LAMINAR HEAT TRANSFER 
heat transfer downstream less than predicted on the 
assumption of constant wall temperature even if cor- 
rected by making the heat-transfer rate proportional 
to l WV) 


perature results to local conditions. 


1.e., by applying the constant wall tem- 
Similar consider- 
ations can be made when the coolant temperature is 
higher than indicated by this constant wall temperature 
analysis. 

With the profiles of Eqs. (9) and (10), the F integrals 


become 
F, = (37/315) — (22/945) — (27/2268) (11 
} 1+ (y — 1) (MV, )) (263 /630) — 
(1/2) (1 — W) — (7112/3780) — 
(s°/2268) + (6/10) (12) 
F - W) (7/70) + (312/2520)) — 
(79b,/1260) — (198)2/7560) (13) 


In principle Eqs. (7) and (S) can now be integrated 
from initial conditions at € = O with the prescribed 
variation of potential flow properties with — and thus 
sive A = A(s) and b; = O,(s) even for variable IV. 
From this solution the heat transfer can be determined; 


thus 
q (kT, diy 
becomes in terms of the variables pertinent here 


VA) V AN/ Mo 
ill + (vy — 1) €Me?/2) 


t 


| 9 /s 7¢ (35 
1 + (y — 1) (A1,2/2)]f °° 


= ¥ Cpy loll (hy 


1)/[4(y—1) ] (14) 
If the boundary-layer thickness if of interest, then from 


definitions of the Dorodnitzin transformation and of 


6, it may be found 


pol V6/un = (CV A/G) , [1 + (y — 1) 
(Mo?/2))/[1 + (vy — 1) (M,2/2))]] 
[F,2 — Fy + (7/10) + (2/60)} (15) 
However for IV = constant it is found computation- 


ally convenient to modify this procedure and to treat 
M, as the independent variable and z and 6, as the de- 
pendent variables. These changes lead to the follow- 


ing form of the equations: 


W,[(37/315) — (6/945)z — 
(5/2268)s7] (dz/dM,) = 2W + 
2) ((1/21) — (2W/3) + (52/126) + 
(°/756) — (6,/5)] — 
(37/315) — (22/945) — (s2/2268)]K} (16) 
2Mi(dF3/dM,) = (b,W/s) — F;3[K +1 + 
(M,/z) (dz/dM,)| (17) 
where 
K= Mw + {1 — yM,2)/[(1 + (vy — 1) (h?/2))]} 


kK = (d*§/dM,")/(dé/d.M) 


and where Eq. (13) relating 6; and F; is required to 


complete the system of equations. 


IN SUBSONIC EFFUSORS 27 


It is of interest to note that in Eqs. (16) and (17 
which follow from Eqs. (7) and (S) with only the as 
sumption of the velocity and stagnation enthalpy pro 
files and of constant WV’, the potential flow character 
istics are entirely contained in the quantity « which 
must be specified as a function of .V/;. 

Eqs. (16) and (17) may be integrated from the initial 
conditions on M, and used to determine z and 4, as func 
tions of .1/,; since 7, = A7,(£&) is known, 2 and 4; can be 


found as a function of & For the effusor problem 
considered here, the initial conditions correspond to 
that of a stagnation point where .1/, 0. The re 
quirement that the solution be well-behaved to the 
limit as J; ~ 0 requires that ), and z take on special 
values obtained from consideration of Eqs. (16) and 
(17). It can be seen from these equations that if 


dz/dM, and dF;/d AM], are to remain finite as 1/7, > 0, 


2W + 2, )[(1/21) — (2W/3) + (52,/126) 4 
(3,7/756) (b;,/5 - ((37/315 

(2s,/945) — (z,?/2268)]K,j 0 (18) 

(b,, W/z;) F;(1 + K) =0 (19) 


where the subscript s is used to denote the special stag- 
Eqs. (18) and (19 
are two equations in two unknowns, z, and /),. 

Eqs. (16), (17), and (13) can be handled in a straight 


nation point values of z, d,, and A. 


forward manner from these initial conditions; only the 


parameters IV, x, and y must be specified. The nu- 
merical integration may be performed by any standard 
method for first-order simultaneous ordinary differen- 
necessary for 


tial equations. It however, be 


general x to resort to a power series expansion of z and 


may, 
b, to get away from the origin. The necessity for this 
is eliminated if the potential flow in the neighborhood 
of the stagnation point can be represented by 


s = kM,” (20) 

where k and » constants. Then for 0 < lJ, < 1 
K= K,=n (21) 
and z = z, and b, = &,; that is, the stagnation values 


of s and }, satisfy the differential equations | Eqs. (16) 
and (17)] for values of J, in the neighborhood of A/, = 
0 and the conditions of finiteness of dz/d./J, and dF; + 
dM, at M, = O for potential flow distributions given 
by Eq. (20). This permits the numerical solution to 
be started away from the stagnation point. It is 
pointed out that potential flow distributions given by 
Eq. (20) correspond to the wedge type flows treated 
extensively in laminar boundary-layer literature. 

It is pointed out that in handling Eqs. (16) and (17) 
the customary restrictions on z—namely, that —6 < 
z < 6— dictated by the requirements respectively of 
positive shear stress at the wall and monotonically in- 
creasing velocity profiles must be acknowledged. Any 
x = x(M,) function leading to values of z outside this 
range are usually not considered admissable. 
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(GENERAL CONSIDERATIONS 


On the basis of past experience with the integral 
equation approach and of an examination of Eq. (14), 
several points of interest with respect to the nozzle heat 
transfer may be established. It has been found that 
with a pressure gradient the moderate acceleration 
usually encountered in effusors the quantities }; and s 
do not vary greatly. Indeed, the slow variation of 
these variables has been used as a basis for the approxi- 
mate solution of the equations corresponding to Eqs. 
(16) and (17) by Kalikman? and Morduchow.* There- 
fore, for M, on the order of unity, it is easily seen from 
Eq. (14) that for a given IV’ and for given stagnation 
conditions 

ga(d MM, ds)’ (22) 


This statement is clear physically; the local heat trans- 
fer depends primarily on the thickness of the boundary 
layer. Moreover, in the presence of negative pressure 
gradients, the boundary-layer thickness increases, re 
mains constant, or decreases, depending upon the 
magnitude of the gradient. Eq. (22) indicates that 
to keep g small in a given region the acceleration of the 
flow in that region must be kept as small as possible. 
If one-dimensional flow considerations are applied to 
the contraction section of the nozzle, one concludes 
that for a given length in the axial direction the con- 
tour should be as flat as possible in the neighborhood 
of the throat if the throat heat transfer is to be reduced. 
Thus, for example, the contour denoted by 0 in Fig. 2 
should be expected to yield lower local heat-transfer 
rates than contour a. It is pointed out that the con- 
tours are assumed to have the same throat location; 
it is clear that for reduced maximum local rates of heat 
transfer the nozzle should be as long as possible. 

In the following section this hypothesis is examined 
by applying Eqs. (16) and (17) to the determination of 
the heat transfer in the two contours shown in Fig. 2. 


NUMERICAL EXAMPLES 


The potential flow Mach Number distribution in 
the two effusors denoted by a and 6 was determined 
by one-dimensional flow considerations for those por- 
tions wherein the slope of the contour was small com- 
pared to unity. This corresponds to a local Mach 
Number of about 0.1 for contour a and 0.2 for con- 
tour b. A potential flow distribution corresponding to 
Eq. (20) was assumed from the stagnation point to 
these local Mach Numbers with k and » chosen so that 
the s = s(.M) function and its first derivative were 
continuous. This results in a discontinuous « distribu- 
tion which leads to no computational difficulties since 
the numerical solution is started at the discontinuity 
and which appears physically acceptable since it cor- 
responds to a discontinuity in the contour curvature. 
The values of k = 9.28 and n = 0.122 were obtained for 
contour a and k = 7.07 and n = 0.0784 for contour b. 

In Fig. 3 are shown the potential flow Mach Number 
gradients for the contours presented in terms of d.\//ds 


with units of Jl/inch. This dimensional repre- 
sentation was used since, in the final determination of 
q from Eq. (14) with A expressed in terms of z and 
dM/ds, the units of the reciprocal of the square root of 
a length appear on both sides of the equation. While the 
reference quantities denoted by the subscript zero 
could have been left in the equation, it was considered 
desirable to indicate the independence of g from those 
quantities. The discontinuity in the « for contours g 
and } at local Mach Numbers of 0.1 and 0.2, respec- 
It may be remarked 


tively, can be seen from Fig. 3. 
that this discontinuity is small for contour a and that 
the results for contour 6 were found to re-nain essen- 
tially unchanged if a dJ//ds distribution making x 
continuous was assumed for 0 < J/, < 0.2. For this 
second calculation of contour }, the polynomial ex- 
pansion in the neighborhood of the stagnation point 
mentioned previously was used to initiate the numerical 
integration. 

In Fig. + the results of the numerical integration of 
Eqs. (16) and (17) for the determination of z and 3, for 
the two contours are given. It will be noted that the 
integration for contour a has been continued into the 
supersonic portion of the effusor while that for contour 
b has been terminated at the throat. This latter re 
striction was necessitated by the discontinuity in the 
contour curvature which exists at the throat of con 
tour 6 and which, therefore, yields a discontinuity in 
dM/ds. Since a discontinuity in z is not physically 
reasonable, the continuation of the solution beyond the 
throat would require additional parameters in the ve 
locity and stagnation enthalpy profiles to make the 
discontinuity tractable, as in reference 4. 

In Fig. 5 the heat-transfer distribution presented in 
terms of stagnation conditions but dimensionally con 
sistent with d.\//ds is shown for both contours. It will 
be noted that the peak heat transfer in contour 0 is only 
several per cent less than for contour a, but at the throat 
it is 36 per cent less and the overall heat transfer from 
the stagnation point to the throat is reduced by ap 
proximately 7 per cent. If the solution for contour 0) 
could have been continued beyond the throat, the 
overall heat transfer would have undoubtedly been 
reduced further percentagewise. It is pointed out that 
the boundary-layer thickness at the throat is calculated 
to be 60 per cent greater with contour >. Thus the ex- 
pected advantage of contour / as indicated by the im 
portance of dM/ds in determining the heat transfer is 
borne out by the numerical integration. 

It can be expected that similar reduced rates for tur 
bulent heat transfer would be realized with contour 
6 since the turbulent layer would also be thicker at the 
throat, being more like a flat plate boundary layer 
than that which would develop on contour a. This 
expectation was borne out by calculations of the im 
compressible turbulent boundary layer with heat 
transfer and axial pressure gradient for both contours 
a and b. A reasonable transition Reynolds Number 
and typical hypersonic wind-tunnel stagnation condi- 
tions were assumed. The calculations indicated that 
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the peak and throat local heat-transfer rates for con- 
tour } were less than those for contour a by 14 per cent 


and 26 per cent, respectively.* 


CONCLUSIONS 


By the use of the integral method with fourth- and 
fifth-degree polynomials for the velocity and stagna- 
tion enthalpy profiles, respectively, the two-dimensional, 
steady laminar boundary-layer equations for axial 
pressure gradient and heat transfer have been put in a 
form especially convenient for numerical integration. 
On the basis of some qualitative considerations, the 


* After submittal of this paper, the senior author learned that 
M. Sibulkin of the Jet Propulsion Laboratory of the California 
Institute of Technology has recently completed a study of the 
influence of the curvature of the effusor in the throat region on 
turbulent heat transfer. This study was recently published under 
the title leat Transfer to an Incompressible Turbulent Boindary 
Layer and Estimation of Heat Transfer Coefficients at Supersonic 
Nossle Thorats, Jet Propulsion Laboratory Report No. 20-78, 
1954. 


PCAL SCIEBENRCES-J UN B, 1955 


heat transfer in two contours suitable for subsonic 
effusors have been compared, and a contour for re 
duced heat transfer at the throat has been suggested 
Exact numerical integration of the differential equa 
tions giving the heat transfer for the two contours has 
been carried out and have confirmed the qualitatiy, 


cousiderations. 
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ished in the JOURNAL are presented in this special department. Publication com pleted 
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A Note on Simplified Single Spool Turbojet Equilibrium Operation 


Charles A. MacGregor 
Aeodynamicist, Propulsion Research Corporation, Santa Monica, Calif 


SYMBOLS 


Subscripts 


and ( constants 
specific heat at constant pressure compressor 
rotational speed Des design 
P absolute total pressure t turbine 


absolute total temperature 2 4 5. and7 see Fi 
WW weight flow of gas 
ratio of specific heats 


isentropic elhciency 


INTRODUCTION 


HE ANALYSIS OF THE EQUILIBRIUM operation of a single spool turbojet engine having fixed geometry (see Fig. 1) may be simplified by 


considering that the turbine nozzle and some fixed area at the turbine exit are both choked. For most conditions, this assumption 
is valid because of the large pressure ratio across the jet nozzle. This assumption reduces the turbine operation to a point on its per 
formance map 
For a given compressor inlet temperature and pressure (flight Mach Number and altitude) and a constant jet nozzle area, the thrust will 
1 maximum for constant mechanical r.p.m. and combustion temperature operation. In general, this type of operation is not possible 
for this case, because there is only one independent variable. However, there is one compressor corrected airflow-r.p.m. characteristic 
vith which this type of operation is possible. This note determines what the compressor corrected airflow-r.p.m. characteristics must 
be to permit this constant r.p.m., constant combustion temperature, and constant jet nozzle area operation 


DISCUSSION 


Consider a single spool turbojet engine consisting of an inlet, compressor, burner, turbine, and exhaust system (tailpipe) aerodynami- 


lly in series. Assume that the turbine nozzle is choked and that some area at the turbine exit is also choked and that this area re 


mains constant; in addition, the pressure ratio across the burner is constant, and leakage air is equal to the amount of fuel added Then 
P;/P; = constant = C ] 

WV T;/P; = constant = C 2 

(7; — 7;)/T; = constant = C 3 


rhe equilibrium operation of the engine will be determined by satisfying two requirements—continuity of flow and equal compressot 


ind turbine power 
From the continuity of flow between the compressor inlet and the turbine inlet and in terms of the values as compared to the design 


values, then 


(P,/P 7 WY T:/P. (7./2 
(Ps/P2)oes. (WAV Tx/P2)pes, N (Ts/T2)v0s ' 
From the condition of equal turbine and compressor power and the definition of isentropic compressor efficiency, then 
(fn (73/1 C; ' 
PP | (ne)pee..| L(Ts/Te)p " (Cp,) (Ca) (me )ves.} {(Ts/T2)nee | 
P,/Ps)des. | C; , 
Cp,) (¢ nD T;/T2)p 
Combining Eqs. (4) and (5), then 
l r T;/1 C; 
(WV T2/P2) _ (T./T \| ne'D (Ts/T2'pee.} (Cp, (Cs) ((neWwes.] [(1s/T2)pes | 4 
(WA/ To/P»)des NT Tso. | im Ce | ( 
Ce (C Ne )D T3/T2)p, 
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Eq. (6) relates the corrected compressor inlet flow to the combustion temperature ratio. However, the corrected airflow characteristj 


of a compressor is determined by the corrected r.p.m.(.V/Y 72) of the compressor. Since 


ls (N/¥Y T- roe 
(Ts/Te N A y; 
(T: T2)des d des 7 


Then Eq. (6) becomes in terms of corrected r.p.m., 


he rs (N) 

Pp E-: D | 

WV T: | (N/WVT:) — it | 
P, Jim /4/T. (T;)p | 


L(N V T>)Des 
(n. (N/V Te)pes | Ts Des | Cp 
(7. )Des (N)/CN' pes. |? (Cpr) (C. (ne 'D (7;/7 T3/Ts Des 8 


I wt 
(Cpr) (Cs) [(ne pes (73/T2)/(Ts/T2 ‘des 


This equation consists of two variable (V)/(.N)pes. and (73)/(Ts ‘pes. for given boundary conditions and constants (assuming compressor 


airflow and efficiency are known functions of V). One of these variables will be independent and one variable will be dependent 
There is one particular corrected airflow-r.p.m. variation that will permit both constant (.V)/(.N)p.s. and (7° Ts bes. Operation, neglect 
ing the effect of compressor efficiency, Which is small. This airflow variation is 


WY T> (n (N/¥ T. F "sae | : 
P» 1 (1c )Des (N/V Te)nes (Cp, (CG (Ne ‘Des T;/Top 
WV T: (N/V To) | C 
P, Des (N/~ Des (Cp,) (Cs) [(ne'p (T3/T2.p 





Fig. 2 shows a comparison between this airflow characteristic and 
a typical compressor characteristic. It is seen that over the most 


interesting range this condition is reasonably well approximated 


| \ and this type of operation is possible 
FLOW 
— REFERENCE! 


\ | | } F MacGregor, Charles A., Flow Between Nozzles in Series with an Isent 


Work Change, Journal of the Aeronautical Sciences, Vol. 21, No. 6, pp. 423 
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Fic. 1. Single spool turbojet engine 
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| Plasticity Coefficients for the Plastic Buckling 
” 
Wi 1.2 of Plates and Shells 
om 
Ad ~ 
ala Alexander Krivetsky 
sien Head, Analytical Methods Group, Structures Section, Bell Aircraft 
ad di Corporation 
=/= November 15, 1954 
~—7'—S 
ae ABSTRACT 
s The effect of plasticity on the buckling of plates, plate columns, or shell 
c , | is considered by introducing a factor, called a plasticity coefficient, 7, & 
a a Ces allow for the departure of the stress-strain curve from the original straight 
6 TYPICAL 
a ; 7 7 ' elastic portion. Carpet plots are presented for the evaluation of the plas 
TT 4 - | - oe ee | | —_ ticity coefficients for five cases based on the original work of Bijlaard.* 
= 
3 ot | { ies eee ees RB a INTRODUCTION 
& ; _ = a 7 DETERMINATION of the inelastic buckling stresses of plates 
oO ALTITUDE. and shells is a necessary requirement for the structural de 
2t -— - om 90 a 1267 — BD — sign of air frames. Formulas for computing the plasticity or re 
MACH NO. Jbl woop me duction factors for the plastic buckling of plates and shells for 
; , various cases of loading and boundary conditions have been 
6 7 8 9 LO 1 X diene cane 
NAT. computed by Bijlaard.'-5 The actual applications of these 
CORRECTED RPM 9 WA Te. DES formulas for the evaluation of the plasticity coefficient and the 
T2 . 
Fic. 2. Comparison of typical and required airflow charac- * The author wishes to acknowledge the helpful discussions with Paul P 
teristics for constant r.p.m., combustion temperature, and jet Bijlaard, Professor, Cornell University, and Structures Consultant, Bell 
nozzle area operation Aircraft Corporation, during the course of the work 
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buckling stresses for a given loading and material still requires a 
considerable amount of computation 

The intent of this paper is to present the available data in such 
. form that the plastic buckling stress can be readily computed 
for several loading conditions. The resulting charts of the plas 
ticity coefficients produce the desired results and are valid for 
iny material. An example is presented to illustrate the use of the 
plasticity coefficient charts. 

Carpet plots of the plasticity coefficient against the secant and 
tangent modulus ratios are presented for the following five cases: 

1) A long simply supported plate in compression 

2) A long simply supported plate under shear 

3) A simply supported square plate under shear 

+) A cylinder under external pressure or a simply supported 
wide plate column. 

5) A cylindrical shell under axial compression 

It should be noted that the data presented are applicable for 
materials that can be considered isotropic and are restricted to 
crystalline materials that above the elastic limit behave in a 
plastic way such as steel, aluminum, magnesium, titanium, etc 
he results are applicable to the ultimate strength of the material. 


PLASTIC BUCKLING 


lhe buckling stress for a plate or shell is usually given by the 

expression 
Sor = (RoE 12(1 — w?)}} (t/b)? (1 

where & is the nondimensional buckling coefficient for the con 
figuration under consideration; E is Young's modulus, uw is 
Poisson's ratio; and 7 is the plasticity coefficient. The incor 
poration of the plasticity coefficient, 7, makes the above expression 
ipplicable in both the elastic and plastic range. In the elastic 
range, 7 1, and in the plastic range, 7 is less than one. The 
value of n is dependent upon the type of loading, geometry of the 
plate configuration, and the stress-strain curve in compression 

Eq. (1) as it now stands is not readily applicable to analysis 
purposes. Since 7 itself is given as a function of the unknown 
buckling stress, a trial-and-error calculation is generally required 
to obtain the required buckling stress 

An alternate procedure, however, eliminates this trial-and-error 
method. Thus, Eq. (1), by algebraic manipulation, can be put 


(’) 1 1 (w?E)/(12(1 — p?))§ - 
t Vk \ (Ger/n - 


Since the numerator under the radical is a constant for a given 


into the form 


materi il, the equation becomes 


( ') 3 : . 
— (o 
t} Vk \ (Gcr/n 


where 


Eq. (3) can be plotted on log-log paper as (b/t) XK (1/ Vk) vs 
o-r for a specific loading condition and material. To alleviate 
the routine calculations of n, carpet graphs are utilized which give 
It should be 


noted that the carpet plots of » are independent of material 


the values of 7 in terms of (Z£,/E) and (E/E 


(1) A Long Simply Supported Plate in Compression 


The value of » for this case is given by Eq. (53) of reference 1 or 
from Table 5 of reference 3. Thus, 


n = 0.455(1/AD + B+ 2F 5 
where the coefficients 4, B, D, and F are obtained from Eqs. (21 
or (21a) of reference 3, using 8 = p2/p 0 or from Eqs. (22) and 


23) of reference 4 

The solution of Eq. (5) is given in Fig. 1 for various values of 
the secant modulus ratio (F,’/E) and tangent modulus ratio 
E,/E 
(2) A Long Simply Supported Plate Under Shear 


For this case, the value of » is obtained from Eq. (75) of refer 
ence 6 
0 = O.161 [a -“(fAl[A(L + at) + 2B + 2F ja?}} 

34a? + B+2F))min (6 

The value of a has to be chosen such as to make the pertinent ex 
pression a minimum. A, B, and F are given by Eq. (57) of refer 
ence | or by the equations on page 345 of reference 5 

The values of » for this case are given in Fig. 2 for various 
values of the secant and tangent modulus ratios. It should be 
noted that the compression stress-strain curve may be used for 
determining these modulus ratios for this shear case. Based on 
the equivalent uniaxial stress from the distortion energy theory, 
the associated tangent and secant moduli are obtained for the 
buckling stress 7.,.. From the normal stress 


» 


o = Ter/3 
(3) A Simply Supported Square Plate Under Shear 

The value of » which meets the required boundary conditions 
is given by Eq. (61) of reference | or from Table 5 of reference 3 
The expression for » is 
» = 6.71(A + B+ 2F) X 

V (414 + 9(B + 2F 82494 + 2601(B + 2F 7 

The values of A, B, and F are obtained from Eq. (57) of refer 
ence 1 or by the equations on page 345 of reference 5 

Eq. (7) is plotted in Fig. 3. Here again the modulus ratios can 
be obtained from the compression stress-strain curve. Note 


that in the case of pure shear 
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FIG. 6. TANGENT AND SECANT MODULUS 
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Buckling Stress Computations for 


READERS’ FORU 


TABLE | 
i Long Simply Supported Plate in 


M $35 


Compression for 75S-T6 Bare Aluminum 





2 ? 1 5 ( (4 ~ Q 
I E, /F I E,/F ’ Cor /N a l/V k 
) WV) 10.5 & WW 10 10.5 X 10 l 1.0 20 O00 141.0 22 §¢ 
2 WM) 10.5 & 10 1.0 10.5 & 108 l 1.0 30,000 ee a 18.37 
1) OOO 1O.5 &K 10 1.0 15 & 108 | 1.0 10 O00 POO 15.9 
50.000 10.45 & 10 ) QO5 10.5 X 10 l () G99 50.100 24 14.2 
10) 910K 1 0 S66 1048 Kk 10 () GQ9 () OS4 54.900 234 13.6 
58.000 ian xX 0 696 10.31 X& 10 0.981 0 946 61,300 248 12 82 
( 10) » 60 KX 10 0. 533 9 OP? & 10) 0.944 0 S895 69 ,400 24 1? O5 
66 000 3.90 & 10 0.371 9.31 xX 0. 866 0. 822 80.300 YS4 11.20 
7 100) > 48 X& 10) 0 236 8.40 * 108 0.80 0.730 95 900 310 10.297 
74.000 1.50 & 10° 0.143 7.0 X 108 0.666 0 605 122 ,300 350 9 10 
Column (6) values are obtained from Fig. 1; Columns (2) and (4) are from Fig. 6 


ABLE 2 


Buckling Stress Computations for 


l 2 | 4 

an . E,/E E./E 
20 O00 11.520 10 1.0 
20 000 17 300 1.0 1.0 
10 O00 23.100 10 1.0 
50.000 PS SOO () OOS 1.0 
o4 O00 31,100 0 866 () 499 
5S O00 33 .400 0 696 0) OS] 
62 A000 35.800 0.533 0.944 
66 O00 38 O00 0.371 0 866 
70,000 40,400 0. 236 0.80 
74.000 12 600 0.143 0.666 


Column (5) values obtained from Fig. 2 


(4) A Cylinder Under External Pressure or a Simply Supported Wide 
Plate Column 


The plasticity coefficient » is given by the second line below 
| J 
kg. (51) of reference 1 
ny = OIA (8 


Table 


! can be obtained from Eqs. (21) or 


5 of reference 
21a) of 


of reference 


This expression can also be obtained from 
rhe \ iluc of 


reference 22 


3 using B = p/p 0 or Eqs 29) and (23 


Fig. 4 represents the value of the plasticity coefficient for this 


ist 
(5) A Cylindrical Shell Under Axial Compression 


The expression for the plasticity coefficient is given by 


a = WOOK AD — Bt 9 
This formula is given in Table 5 of reference 3 or taken from 
Eq SO) of reference 2 The coefficients .4, B, and D are given 
in Eqs. (21) or (21a) of reference 3 or Eqs. (22) ard (23) of refer 
ence 4 


This case has been evaluated for the various modulus ratios on 


the carpet plot of Fig. 5 


ILLUSTRATIVE PROBLEM 


rhe particular example to be considered in detail is designed 
to illustrate the usefulness of the charts of the plasticity coeffi 
cients rhe 


material selected is 75S-T6 bare aluminum, with a 


compression yield stress of 71,000 Ibs. per sq.in The correspond 
ing tangent and secant moduli for this material are given in Fig. 6 

rhe following tabular calculations represent the necessary com 
putations for establishing the buckling stress plot. The buckling 
Stresses for 


' . : 
Shear, both with simply supported edges, are computed 


a long plate in compression and a long plate under 


rE (3.14)? K 10.5 X 108 
= = 9,480,000 
12(0.91 


(') Ye 3,180 
t Vk N(e n war are 


i Long Simply Supported Plate 


Under Shear for 75S-T6 Bare Aluminum 





» 6 ( bed 
T n T n 4 ly b 
1.0 520 107 .2 29 7 
1.0 7,300 131.8 24.2 
1.0 100 152.1 20-4 
0 9OS 800 170.0 18.7 
0.965 200 179.8 17.7 
0.910 36,700 16 57 
0 S845 42 400 15.45 
0.759 50,100 14.2 
0.685 59 000 13.1 
0.575 74,000 117 





Numerical constants for the buckling equation are the same as given in Table 1 


The values of the buckling stresses as computed in Tables 1 anc 

2 are plotted in Fig. 7 
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Comparison of Mixing Processes in Subsonic 
Jet Pumps* 


Heinrich B. Helmbold 


Staff Engineer 
Wichita, Kan 
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University of Wichita, School of Engineering 


—- TO THE THEORY of reference 1, the ideal efficiency 
of an axially symmetric jet pump is higher when the jet 
and secondary flows are mixed at constant static pressure rather 


than when the flows are mixed in an axially increasing static 


* This work was sponsored by the Office of Naval Research under Con 
tract No. N-onr 201(01 
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Fic. 2. Static pressure distributions of the jet pumps. 
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READERS’ FORUM 


pressure s in the case of conventional jet pumps of constant 


cross-sectional area. More generally, the work performed by the 


turbulent shearing stresses is decreased when their action is sup- 
ported by an axially decreasing pressure gradient 
designing constant-pressure mixing tubes were developed in 
references 3 and 4 
A fair comparison between constant-pressure and constant 
nixing tubes requires that the main dimensions of overall 
jength, initial and exit diameters, and the initial velocities of the 
‘et and secondary flows be identical (see Fig. 1 Thus, the 
constant-pressure design is handicapped by the contraction of 
the mixing tube, which requires a diffuser to bring the cross 
sectional area back to its initial value However, it can bx 
redicted that at low initial-velocity ratios the superiority 
of the constant-pressure design cannot be annihilated by the dif 
fuser losses. With equal initial and exit areas the constant 
ure jet pump will produce a higher static pressure in the 


) 


section than the cylindrical jet pump (see Fig. 2 Or, 





if both the mixed flows are isentropically expanded back to the 
initial static pressure in an extension of the jet pump (see Fig. 1 
the constant-pressure jet pump will produce a greater velocity 


This latter condition is used to define a jet-pump efficiency 


(+ 1p Gy 
p, ail 

= mass flux, « = velocity, p, = total pressure, p = st itic 
ressure, p = mass density, y = ratio of specific heats; the sub 
scripts art = jet, s = secondary flow, m = perfectly mixed 


flow: the bar denotes the mixed flow condition at initial static 
The ideal efficiency of the constant-pressure 


pressure p, = 


ng tube is simply 


The ideal efficiency of the cylindrical mixing tube is 


= Mach Number, 4 = cross-sectional area The velocity 
im Of the mixed flow in the exit cross section is represented by 


the equation 


The more complex exact formulas are given in reference 5 
With incompressible flow (.1/, = 0) and equal initial densities 

, the ratio of the work of turbulent shearing stresses in 

the cylindrical mixing tube to the work in the constant-pressure 


tube simplifies to 


Methods of 


He 
w 
| 


An experimental comparison has been made between a cylin 
drical jet pump and a constant-pressure jet pump designed for 
an initial velocity ratio of u,/u; = 0.069 (reference 6 Phe 
initial cross-sectional area ratio of both jet pumps was 4;/A, = 
0.01, and their length/diameter ratio was L/D = 10. The ex 
perimental data are shown in Figs. 2 and 3, while experimental 
velocity profiles are shown in Fig. 1 

The constant-pressure jet pump. At the design velocity ratio, 
Sl per cent of the excess kinetic energy in the jet should have 
been transmitted to the secondary air under constant pressure 
in the free mixing zone. Since the spreading angle of the jet in 
still air was greater than that assumed in the design, the ex 
periments showed approximately constant mixing pressure at 
the somewhat higher velocity ratio of u,/u; = 0.0755 (see Fig. 2 
The experimenta! efficiency reached 87 per cent of the ideal effi 


ciency at this velocity ratio (see Fig. 3 At lower velocity ratios 


the efficiency suffered from mixing under adverse (positive 
pressure gradients, while at higher velocity ratios the efficiency 
first improved by mixing under more favorable (negative) pres 
sure gradients, but was then again reduced by increasing diffuser 
losses and finally by incipient instability of the imperfectly mixed 
diffuser flow. The superiority of the constant-pressure design 
over the conventional jet pump was evident over a wide range of 
working conditions; it amounted to a 31 per cent improvement 
with constant pressure in the mixing tube 

The cylindrical jet pump. The additional losses in the cylin 
drical jet pump are essentially frictional losses in the boundary 
Therefore, 


layer on the tube wall they were negligible at low 


velocity ratios. By assuming potential flow outside of the mix 
ing zone, it was predicted in reference 2 that reverse flow would 
occur in the cylindrical mixing tube when the total-pressure 
coefficient |c,; 2(p — p Pmt exceeded 4.556. The ex 
periments showed that under the influence of the boundary layer, 
reverse flow occurred for total-pressure coefficients greater than 
2. 76—i.e., at velocity ratios lower than u,/u; = 0.0696. A ring 
vortex that oppressed the adverse pressure gradient was formed 
by the flow reversal in a downstream section of the free mixing 
ZONE This raised the experimental mixing efficiency slightly 


ibove its ideal value (see Fig. 3 
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A Simplified Treatment of Partial Fractions 
for Dynamic-Response Calculations 


George S. Campbell 
California Institute of Technology, Pasadena, Calif 
December 23, 1954 


IT CALCULATING THE DYNAMIC RESPONSE of a linear system, the 
numerical evaluation of partial fraction coefficients corre 
sponding to complex characteristic roots is usually a laborious 


operation. The present note demonstrates a method by which, 
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in certain instances, simple exact expressions for these complex 
coefficients may be derived. The method is particularly suited 
to cases in which there is only one pair of complex roots, with no 
limitation on the number of real roots to the characteristic equa 
tion. For more than one pair of complex roots, only ‘‘the last” 
pair may be evaluated by the present approach, the others being 
obtained by the usual residue methods 

In order to demonstrate the method of approach, it will be con 
venient to consider the lateral response of aircraft to step control 
inputs. The specific results obtained are applicable whenever 
the stability quartic has two real roots and a pair of conjugate 
complex roots. Notation identical to that of reference 1 is used 


throughout 


ILLUSTRATION OF METHOD 


Consider the Laplace transform of the bank angle ¢, as given in 
reference 1, 
At + aod? + asd? + asvdQ +: 4 
\X(4d' + BYE + C+ DA +E 


rhis expression may also be written in terms of the factors of the 


stability quartic 


7X — AMA — A) (A —A A= Xz 


If the roots of the stability quartic are distinct and non-zero, the 


partial-fraction expansion of @) is 


In the analysis te follow, expressions for the real and imaginary 


parts of 4, and .12 are to be derived The process 1s essentially 


one of rearranging Eqs. (2) and (3) so that the unknown complex 
coefficients are expressed in terms of the real coefficients 4 
A,, which are easily calculated by applying the usual residue 
of reference 1 


rules. [See Eqs. (6 


The complex roots A; and \» are denoted by 


1 = R+/i) 
; } 
» = R—-TiS 
and the complex response coefficients 14; and A» are written as 
A, = R4 T I 41) 
5 
ae == R4 = Tail 
With this notation, Eq. (3) takes the form 
2Ra(\ — R) — 2Jal A; A, A Ag 
o, = - + + + - 6 
Q N—ArAs A—N dA? N 
where 
Q =(A— A) (A — be) = A — QRA+ (RIFT? (7 
If the equivalent expressions [Eqs. (2) and (6)] are set equal to 
each other, one finds that 
AQ A;Q 
2Ra(X — R) — 2J4l = —- _ + 
r 2 
uy — AdNQO[(As + Ag)A — (AgAs 4 Azdy 
(S 


ANA — Az) (A — Ag 


Because the left side of Eq. (8) is linear in A, the sum of the terms 
on the right must also be linear in A. Therefore, only the terms 
of order zero and one from each fraction enter into the present 
calculation, the other terms canceling identically. Making use 


of this observation, Eq. (8) may be written as 


2Ra(\ — R) — 2J4l = —ASA — R) + RAG — A; 4 
(A — R)+(R+A3 +A 
(ao/A + (a,/A + R( A; + Ay) — Agdg — Ady (9 
Equating the coefficients of (A — R) on the two sides of Eq. (9 
provides the real part of the unknown coefficient A 


2Ra = (a0/A) — (A; 4 Ay + Ag 10 


AERONAUTICAL 
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Equating the constant terms of Eq. (9) provides 


2114 = (Bao/A?) — (a,/A) + 2RR4 + 343 + AGAg 


Phe particular form in which /4 is expressed results f1 use 
the fact that the sum of the roots of the stability qu 
—B/A 


SUMMARY OF RESULTS 


For those interested in the specific results obtain« for th 


lateral response of aircraft to step control inputs, expressions for 


t 


the real and imaginary parts of the complex respons« 


for roll, yaw, and sideslip are summarized below. It is assy 





that the stability quartic has two real roots and a pair of 


complex roots These results 


reference 1 and are directly applicable to the problem considered 
there 
2Ra = (a0/A) — (As + Ag + Ay 
21T4 = (Bay/A?) — (a;/A) + 2RRa + 343 + dD 
2Re = (bo/A) — (B; + By + B 
21Tgp = (Bbo/A?) — (b)/A) + 2RRg + 3B; +X 
2R. = (0/A) —-(G+G4+ C 
211, = (Boo/A*?) — (¢ 1) + 2RR. + A;¢ + Agl 
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On the Possibility of Aeroelastic Reversal of 
Propeller Blades* 


F. W/. Niedenfuhr 

Engineering Mechanics Department, Ohio State University 
Columbus, Ohio 

December 30, 1954 


lk IS THE PURPOSE OF THIS NOTE to Call attention to an elasti 





instability effect that may occur on thin pretwisted proy 
blades or other similar sections 
The relation between torsional moment, ./7, and angle of 


twist per unit length for a thin flat section with no pretwist is 
Mr = he + kg 


Timoshenko! gives the constants k; and ky as k} = bfG/3 and 
k, = Etbh’/360 for a narrow rectangular cross section of width 
band thickness ¢ 

Stone and Schulze? have shown that when torque is applied 
to a slab that has been pretwisted an amount y per unit length, 
the stiffness of the slab is found to be increased so that the gov- 
erning equation is 


Mr = kg + ko[(y¥ rT ¢ —-wvWiy — ¢ - 


It is interesting to look at this equation in graphical form. Fig 
1 shows a plot for one set of values of k,, k2 and y, and Fig. 2 
shows the plot for different values of these parameters 

Here, we have used the convention that ¢ is positive when It! 
Clearly, if a propeller blade has 


the twist angle will take 


in the direction of the pretwist 
the characteristics shown by Fig. 2, 
sudden jump at some torque while negative torque is being ap- 
plied (lower dotted line). Similarly, on unloading, the twist will 
suddenly reduce at constant torque (upper dotted line 

If the propeller blade is to be statically stable the torque-twist 
relation should always be as shown in Fig. 1—i.e., it should have 
* This paper is based on part of the work done by the author under 
WADC Contract No. AF33(616)2124 (Ohio State University Research 


Foundation Project No. 569 


are expressed in the notation of 
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sitive slope everywhere This condition can be met by placing 
restrictions on the thickness ratios and pretwist angles used 
ft inalysis is as follows 
The slope of the torque vs. twist curve is 
d O¢ SCLEth iy 6CLEth yy ¢ 
(C:\GtHb + 2C.Etb®y , 
re C, and C, are defined by the equations k = (Gb and kz = 
C,Et Symbolically, 0.\/7/0¢ Ag?+Bet+C rhis rela 
on is shown in Fig. 3 Ihe zeros of the quadratic form are ¢ 
igo, given by 
ge = (-B+ ¥V B — 44AC)/2H 
can be easily seen that ¢ S — ¥ S mw < O, so that if 


WMr O¢ is negative the abrupt change of twist angle at constant 


torque occurs before the blade reaches zero total twist on apply 
ng or releasing negative moments. This means that a propeller 


lade might suddenly reverse its total pitch when the aerody 


mic torques reach a certain value. (The sum of the torques 

ma rotating propeller blade tends to take out the pretwist 

O¢ will be greater than or equal to zero everywhere pro 
11C 


reals or complex conjugates, and the curve of Fig. 3 


ided that B? — 0, for then ¢; and ge will be either equal 


will be 


holly above the ¢ axis. From Eq. (3), then, we have on setting 
— 41C 0 and simplifying 

b+ > ¥2C.E/CG j 

The constant C; can be calculated by the membrane analogy 


has been calculated for various 
NACA 16 
For symmetrical diamond 


ind the constant C. 


flor torsion, 


For symmetrical series alr 


17S and Cs = 0.001245 


urtoil cross sections.° 


foils ( ( 


= 0.0833 and © = O0.0006076 


TOSS sections ¢ 


Denoting the percentage thickness ratio of the blade by r, 
Eq $ \ becomes 

rib C3y¥ 5 

he constant C; = 10% Y (C:E)/(CiG) is shown for some 





ises in Table 1 


Note that the improvement resulting 


rom the use of steel instead of aluminum alloys is only of the 
TABLE | 
Values of C; for Eq. (5 
NACA 16 Diamond 
series shape 
Aluminum alloy 13.61 13.90 
steel 13.22 13.50 








Ter 
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Fic. 2 


order of 3 per cent since the ratio EG is nearly the same for both 


materials 
for a symmetrical NACA 16 series 


As an example, 


Fig 
airfoil of aluminum alloy 


4 shows a plot of Eq. (5 
a propeller blade of 
15-in. chord with a pretwist angle of 0.010 radians per in. must be 
thicker than 2 per cent in order not to exhibit the reversal tend 
enecy 

rhe moments, stresses, and twist angle changes involved in the 
instability effect can be calculated and shed more light on the 
at which a twisted propeller blade 


yhenomenon The angle, ¢», 
§ 


“jumps” is obtained from the quadratic formula. After simpli 


fication it becomes 
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Edge stress x10? & Moment xl07 





» = ¥(-1 + (1/3) {1-[(GG2)/(QEbYy?)|}) (6 
For a given blade, this critical angle can be calculated, and 
then the critical torque can be obtained from Eq. (2 De 
noting the critical torque by .\/r,, and setting the right-hand 
side of Eq. (2) equal to 17/7 the angle yg.’ can be solved for, 
where g»’ is the twist after the sudden jump 
Reference 1 discusses the distribution of tensile and com- 
pressive stresses over the cross section of a thin twisted slab 
It is shown there that a tensile stress of considerable magnitude 
is developed at the edges. Reference 2 develops the discussion 
more fully and shows that there is a longitudinal stress at the 
leading and trailing edges of a propeller blade given by Eq. (7 
The constant 0.0963 is for symmetrical NACA 16 series airfoils 





o = 0.0963 EA? | 


Substituting ge and gy’ into Eq. (7), the edge stress before and 
after the jump can be calculated. Since g» is negative and less 
than yw, the edge stress is compressive before the jump. Further 
more, it will be seen that when the twist is equal to go’ the edge 
stress is either a smaller compressive stress than at ¢» or else a 
tensile stress. The reason for this is that the jump of the blade 
from ¢» to gs’ is really a sudden release of potential energy 

Fig. 5 shows the critical twisting moment and edge stresses in 
the blade before and after the jump for a blade of symmetrical 
NACA 16 series airfoil of aluminum alloy with 12-in. chord 
and 2 per cent thickness. The calculations for this figure are from 
Eqs. (2) and (7). 

It should be noted that Eq. (5) is not an entirely satisfactory 
criterion for design purposes, since it merely states that the 
the torque-twist curve shall not have negative slope. Even pro 
peller blades that satisfy the inequality in Eq. (5) may exhibit 
dangerous tendencies, however, since there is a wide range of 
rather moderate pretwist angles which give the torque-twist 
curve an extremely small slope, so that extremely large incre 
ments of deflection are obtained with small increments of load. 


Also, in the region where the slope of the curve is small, Eq. (2 


1s 
sensitive to small changes of parameters. Calculations on a blade 
of 16-in. chord and 2 per cent thickness show that 2 or 3 per cent 
errors in the actual thicknesses lead to errors of the predicted 
twist of the order of 50 per cent. Similar changes of predicted 
twist for a given moment are introduced by small inaccuracies 
in the assumed pretwist. Experiments with a 16-in. chord 2 
per cent thick blade of aluminum alloy bear out this extreme 


sensitivity to minor changes of the parameters 
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Heat Conducting Bodies in Boundary-Layer 
Flow* 


Salomon Levy 

Guided Missiles Department, General Electric Compar 
Schenectady, N.Y 

January 3, 1955 


SYMBOLS 


1 cross-sectional area at distance x 


heat-transfer coefficient at distance x 


hy heat-transfer coefficient at distance / 
thermal conductivity 

K kernel function of integral equation 

l distance from tip or leading edge to base 


temperature gradient 

Vv = heat absorbed by sink 
heat generated or irradiated 
surface area from tip to distance x 


1 body temperature at distance x 

7 insulated wall or recovery temperature 
TL temperature at distance / 

l tip or leading-edge temperature 

t temperature difference, 7 1 


distance from tip or leading edge 


s variable introduced in Eq (4 
DISCUSSION 


ie A RECENT NOTE! Denison presented values for the tip tem- 
perature of a cone or wedge in laminar high-speed flight and 
based his results upon solutions of the differential equation 


d /dx)\{kA(dw/dx)| — h(ds/dx)w = 0 


where 


The form of Eq. (3) suggests a constant wall temperature, and 


its use may be incompatible with the large temperature gradient 
anticipated at the tip. The heat-transfer coefficient / depends 
upon the wall temperature variation, and a more correct expres- 
sion is given in reference 2—-namely, 
e, je, 
| h(x,s) dT (s) = - { h(x, di t 
J | . 

The functions A(x, 3) have been tabulated by Tribus and 
Klein? for boundary-layer or pipe flow of a laminar or turbulent 
nature. 

In more general terms Eq. (1) can be rewritten 


(d/dx)| kA(dw/dx)| + (ds /dx) | h (x, 2) [dw(:)/d:) d 


where 7 (x) represents the heat generated within or irradiated 
upon a unit area of body surface 
Replacement of dw/dx by p(x) and integration with respect to 


v between 0 and x give 


. ds : 
kAp); — (kAp)o 4 | ds / h(x, 2)p(s) dz = 


discussion of 
ASME at 


t the 


* The majority of this material was presented as an oral 
ASME Paper No. 53-SA-46 at the Semi-Annual Meeting of the 
Los Angeles, Calif., June, 1953 Most of this work was carried out a 


Boundary Layer Project of the University of California at Berkeley 








ayer 


ient 
ends 


res- 


at 
the 





READER 


Use of the Dirichlet’s theorem to invert the order of integration 
the second term yields 
° 
— (kAt f° K(x, 2) p (2) ds = RO 7 
e 
. 
. 
~ 
A(x, = | ds dx)h(x, dx 
e 
I: is a Volterra integral equation of the second kind, and 
specit the temperature gradient at the surface For the 
uundarv condition utilized by Denison 
kAf Qand R(x) = 0 
( 7 CoO ics 
° 
QO — bAt / Aina dz = 0 S 
e 
Eq. (8) ean be solved for the gradient p in terms of Q rhe 


thod of finite difference presented by Fox and Goodwin® ap 


s most suited in this instance Once the gradient p is deter 


ined, one additional quadrature yields the excess temperature 
in terms of distance from the tip. If 7, = Ty\,, the 


temperature excess 7 — 7 = 7) — T1 1s obtained for x = 


Eq. (7) is general and applies to laminar or turbulent boundary 
yer and pipe flow When the body is radiating the function 
varies as 7* and Eq. (7) becomes a nonlinear integral equa 


tion. Then the solution obtains by successive approximations 


For the particular problem treated by Denison the function 


nav be writte 
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On the Calibration of Supersonic Wind Tunnels 
Research Engineer, Naval Supersonic Laboratory, MIT 


Ss" DIFFICULTIES ENCOUNTERED in the calibration of a super 
sonic wind-tunnel nozzle have recently been reported by 


Murphy From measurements of static and pitot pressure, 


the Mach Number was determined in three ways 
1) From the ratio of static pressure Ps to stilling-section pres 


sure Py, assuming isentropic flow in the nozzle 


» 


~) From the ratio of pitot pressure pp to pr, assuming isen 


ropic flow in the nozzle 
From the ratio of ps to pp, without this assumption 
By extr ipolating the results to a low dew point (—40°F.), the 


f 


following Mach Numbers were obtained at a particular point in 


(1) 2.851, (2) 2.8 and (3) 2.818. Simi 


- ~- id, 


2.84 nozzle 
epancies have bee 1 observed elsew here and have some 
umes been ascribed to a stagnation-pressure loss in the expan 
ston through the nozzle Murphy shows that a loss of the re 
quired magnitude cannot be accounted for theoretically by any 


method so far suggested 


Other explanations may be based on inherent errors in the 
measurement of either pitot or static pressure rhe effect of 
viscous forces on the measurement of pitot pressure has been in 
vestigated by Sherman,” using various probe shapes. From his 
experimental results one may conclude that the effect is negligibl 
representing <0.1 per cent error) for Re 10%, based on free 
stream conditions. Murphy's probe and those used in this ir 
vestigation were open-ended circular tubes run at Re > 10 One 
might suspect the existence of another tvpe of error for such 
probes, associated with the finite hole size and increasing with the 
ratio of I.D. to O.D 


gave the same reading (within the measurement accuracy of 


However, the four probes shown in Fig. | 


ibout +0.05 per cent) at JJ = 3.5. Any inherent error in meas 
urements with pitot probe A at atmospheric or greater stagna 
tion pressures in a supersonic wind tunnel should, therefore 
be extremely small 


Ihe measurement of static pressure, on the other hand, is 


iffected by the displacement effect of the boundary layer on the 


probe. An approximate theoretical estimate of this effect for 


the probe of reference 1 gives a static-pressure error of alinost 





3 per cent; whereas an error of about 4 per cent wou 
iccount for the discrepancies noted above 

Pitot pressure thus seems to be the pressure that may be most 
iccurately measured in a supersonic flow lo calibrate a wind 


tunnel independently of the assumption in (2) above, 


inother 
measurement is necessary in addition to the pitot pressure in the 


undisturbed stream. It is the purpose of this note to recommend 


the measurement of pitot pressure, Pps, behind a known oblique 
shock This pressure is, of course, a function of the shock angk 
w. At first sight one would expect the accuracy of the calibration 
to be severely limited by the difficulties in the accurate meas 
urement of shock angles in shadowgraphs rhe pressure in ques 
tion, however, regarded as a function of w with other conditions 
fixed, exhibits a maximum for some angle w* close to that which 
gives equal values of specific entropy rise across the oblique 
and pitot shocks Near this point the variation of pps with 
w is extremely slow 


> 


In Fig. 2 the optimum shock angle w* and the corresponding 


flow deflection angle 5* are shown as a function of Mach Num 


ber. In Figs. 3 and 4 typical curves for calibrating \/ 3.5 and 
\f = 7 nozzles are shown. The ordinate is the ratio of the two 
pitot pressures P = pps/pp. Curves are drawn for shock 
angles equal tow* and !/2 degree either side of this value. Clearly 


a crude measurement of shock angle is sufficient, and the accuracy 
of calibration is limited only by the accuracy in the measure 


ments of the pressures. At Jf = 3.5 the percentage error in 


is about equal to and at \/ = 7 it is about twice that in / 

In March, 1954, a calibration by this method was carried out 
for one point in the center of the test section of the 1/ 3.5 nozzle 
in the MIT Naval Supersonic Laboratory tunnel. Now in the 
computations for the curves of Figs. 3 and 4 it has been assumed 
that the Mach Number upstream of the pitot shock ts equal to 
that just downstream of the oblique shock In any practical 
configuration these two shocks are separated by a distance d of 
the order of a few tenths of an inch. Over this distance the flow 
is influenced by expansion and compression waves from the 
boundary layer on the wedge and from the nozzle walls, the latter 
being associated with the nonuniform flow in the empty tunnel 
An approximation (o the value of pps corresponding to the theo 
retical case was obtained by extrapolating measurements for 
several values of d to a value ford = 0. The results are shown 
in Fig. 3; together with estimates of the inaccuracies in the meas 


urements they are 


39° + 0.1 


ppt = 0.20738 + 0.0001 

Dps/f = 0.4234 + 0.0001 
P = 2,042(5) + 0.0015 
VW = 3.529 + 0.008 

po/pr = 0.998 0.008 
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CALIBRATION CURVES FOR M= 3.5 NOZZLE 
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represents the stagnation pressure in the test section 





isurements were carried out at a dew point of about 








—50°F 4 theoretical estimate of the stagnation-pressure loss 
ssociated with condensation gives 
by pr = 0.999 
is usually found, however, that pitot-pressure measurements 
9 not fully indicate condensation losses 
On the basis of these results one may conclude that the ex 
usions in supersonic wind-tunnel nozzles are generally isen 


tropic (in the absence of condensation) and that the most re 
ible method of calibration is (2) above. A duplication of this 


york in a hypersonic nozzle seems desirable 
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The Behavior of the Boundary Layer in the 
Region of Transition from Laminar to 
Turbulent Flow* 
erome Persh 

Naval Ordnance Laboratory, White Oak, Silver Spring, Md 
anuary 10, 1955 
A! THOUGH A GREAT DEAL of analytical and experimental work 
has been done on boundary-layer stability and the deter 
mination of transition Reynolds Numbers, at the present time 
ittle is known of the behavior of the boundary layer in the transi 
tion region. As a first step in filling this gap in the available 
knowledge of boundary-layer characteristics, a large amount of 
boundary-layer velocity profile and pressure distribution data 
have been collected from a number of investigations on flat 
plates, hollow cylinder models, and airfoils in both subsonic and 
supersonic flows The great bulk of the experimental data 
collected was obtained with conventional pitot-static tubes; 
however, it is felt that since gross changes in the internal struc 
ture of the boundary layer are reflected in the mean velocity pro 
file the use of these data in a qualitative analysis such as this is 
justifiable 
In studying the behavior of the boundary-layer parameters 
derived from all of the experimental data collected, it was noted 


that near the leading edge of a given surface the values of the 


* Paper presented at the Division of Fluid Mechanics of the American 
Physical Society Meeting at Langley Field, Va., on November 24, 1954 
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Fic. 1. Shape parameter variation with distance along surface 
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Fic. 2. Shape parameter variation with distance along surface 
for zero pressure gradient data 


boundary-layer shape parameter, defined as 
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assume their characteristic laminar value of about 2.6 (for the 
zero pressure gradient cases) and at some point along the surface 
an abrupt drop occurs in the curve showing the variation of // 
with distance. From this point downstream to the end of the 
surface, a smooth curve could be used to join the data points 
The point where the value of H dropped abruptly is defined as the 
mean position for the start of transition, and the point where 
the value of H first reached the characteristic turbulent value 
(about 1.3-1.4) is then defined as the end of transition. A 
graphical representation of the flow model described is shown in 
Fig. 1. In this figure the start of transition is shown as an abrupt 
drop in the H curve. This is a physically unrealistic situation, 
and unpublished detailed experiments at the National Bureau of 
Standards confirm the expectation of a rounding of the curve 
at this point. Few of the sets of data examined were of sufficient 
detail to show this rounding of the 7 curve however, and there 

fore for the present analysis the abrupt drop in the #7 curve will 
be assumed. In any case the values of H7 drop rapidly just 
downstream of the transition point, and the mean axial position 
of the start of transition will be little affected by the roundness of 
the curve at this point 

Fig. 2 demonstrates the applicability of the flow model to sev 

eral sets of experimental data with zero pressure gradient which 
were selected as typical of the many sets of data examined 
For each of the cases shown it is apparent that an abrupt drop 


in the H curve occurs at the end of the laminar zone, and a smooth 
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Correlation of transition region boundary-layer velocity 
profiles 


curve joins this point and the downstream turbulent region. 
There appears to be no correlation of the H curves in the transi 
tion region. This is an anticipated result because probably 
the behavior of the boundary layer in this region depends on 

combination of parameters. It should be noted that the values 
of H for the supersonic data were evaluated using incompressible 
definitions. Because compressible boundary-layer velocity pro 
files are similar to incompressible profiles, parameters derived 
from supersonic velocity profiles, using incompressible definitions, 
have much the same values as the incompressible parameters 
Although incompressible values of 17 for compressible boundary 
layer velocity profiles are fictitious values in a sense, their use 
provides a common basis for comparison between the incom- 
pressible and compressible flows. It is important to point out 
that curves showing the compressible values of H plotted against 
distance exhibit the same behavior as those shown in Fig. 2 but 
are displaced in an upward direction by an amount that de 
pends on Mach Number. In Fig. 3 are shown four typical pres 
sure gradient cases. Each of these exhibits the same character 
istic drop in the /T curve as shown on Fig. 2, with the exception 


On Compressible Laminar Boundary-Layer 
Characteristics in a Pressure Gradient with 
Heat Transfer 


Morris Morduchow 
Associate Professor of Applied Mathematics, Polytechnic Institute 
of Brooklyn, Brooklyn, N.Y 
January 3, 1955 
— AN ANALYSIS! ? of similar solutions of the compressible 
laminar boundary-layer equations leading to an ordinary dif 
ferential equation related to the Falkner-Skan equation, Li and 
Nagamatsu have shown that certain conclusions regarding the 
effect of pressure gradient and wall temperature on skin friction 
and separation can be derived. It is inferred, for example, that 
in a favorable pressure gradient, lowering the wall temperature 
tends to reduce the skin friction, while in an adverse pressure 
gradient it tends to delay separation. Moreover, the effect of 
pressure gradient is enhanced when the wall temperature is in 
creased, or equivalently, the effect of the pressure gradient tends 
to be diminished by a lowering of the wall temperature 
It may be of interest, in this connection, to also note references 
3 and 4, in which a theoretical investigation has been made to 
determine the effect, in general, of pressure gradient, wall tem 
perature, and Mach Number on the laminar boundary-layer char 
acteristics, particularly on skin friction, heat-transfer coefficient, 


> 


separation, and stability. Reference 3 (which includes, in addi 


of the laminar region near the leading edge. The large variations 
in H values in this region are to be expected because the laminar 
H value depends on the local pressure gradient which was differ. 
ent for each of the cases shown. It is important to note that 
it is only coincidence that cases were selected for which the start 
of transition occurred at roughly the same axial location 

To determine whether transition region velocity profiles are 
of a single parameter family of curves, these velocity profile data 
were isolated and a correlation similar to that often presented 
for turbulent boundary-layer velocity profiles was attempted, 
Values of u/u,, were plotted against H for several constant values 
of y/6. This is shown in Fig. 4. Because of the fact that no 
significant trends could be detected between sets of data, no 
effort was made to identify the points with respect to iny estiga- 
tion. Also shown in this figure are the positions of the equilib- 
rium laminar and turbulent velocity profiles in this coordinate 
system with the corresponding y/@ intercepts denoted as square 
data points. The results shown in this figure indicate that 
transition region boundary-layer velocity profiles are of a single 
parameter family of curves and represent a smooth continuous 


reversion from laminar to turbulent flow 
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tion, the effect of a small normal mass flow at the wall) has been 
published recently, while reference 4 is to be published shortly. 
The analysis in references 3 and 4 is based on the Karman- 
Pohlhausen integral type of method, in conjunction with fourth, 
sixth, and seventh degree velocity and stagnation enthalpy pro- 
files. General coaclusions are derived from the equations thus 
developed, and numerical examples are given to illustrate the 
various results in detail. Despite the considerable difference in 
the methods of analysis used, it is noteworthy that the qualita- 
tive results reported in references 1 and 2 are all in essential agree- 
ment with those conclusions derived in References 3 and 4 to 


which they correspond 
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